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Abstract

The notion of a C-ultrahomogeneous (or C-UH) graph due to D. Isaksen
et al. is adapted for digraphs and applied to the cubic distance-transitive
graphs, considered both as graphs and digraphs, when C is formed by
shortest cycles and (k — 1)-paths, with & = arc-transitivity. Moreover,
(k — 1)-powers of shortest cycles taken with orientation assignments that
make these graphs become C-UH digraphs are ‘zipped’ into C-UH graphs.
In this note, we do this for the Pappus graph and the Desargues. graph
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1 Preliminaries

The study of ultrahomogeneous graphs (resp. digraphs) can be traced back to
[15], [9], [14], [3] and [11], (resp. [8], [13] and [4]). Following a line of research
initiated by [12], given a collection C of (di)graphs closed under isomorphisms,
a (di)graph G is said to be C-ultrahomogeneous (or C-UH) if every isomorphism
between two induced members of C in G extends to an automorphism of G.
If C = {H} is the isomorphism class of a (di)graph H, we say that such a G
is {H}-UH or H-UH. In [12], C-UH graphs are defined and studied when C is
the collection of either (a) the complete graphs, or (b) the disjoint unions of
complete graphs, or (c) the complements of those unions.

We may consider a graph G as a digraph by considering each edge e of G as
a pair of oppositely oriented (or O-O) arcs € and (€)~!. Then, ‘zipping’ € and
(€)1 allows to recover e, a technique to be used below.

Let M be a sub(di)graph of a (di)graph H and let G be both an M-UH
and an H-UH (di)graph. We say that a (di)graph G is (fastened) (H; M)-UH
if, given a copy Hy of H in G containing a copy My of M, then there exists
exactly one copy Hy # Hy of H in G such that V(Hy) NV (H;) = V(My) and
A(Ho) N A(Hy) = A(My), where A(H,) is formed by those arcs (€)™ whose
orientations are reversed with respect to the orientations of the arcs € of A(Hq),
and such that no more vertices or arcs than those in M, are shared by Hy and



H,. The directed case here is used in the constructions of Section 3 and in [6, 7].
In the undirected case, the vertex and arc conditions above can be condensed
as Hy N H; = My; this is generalized by saying that an (H; M)-UH graph G
is an (-fastened (H; M)-UH graph if given a copy Hy of H in G containing a
copy My of M, then there exist exactly £ copies H; # Hy of H in GG such that
H; N Hy = My, for each one of i = 1,2,...,#, and such that no more vertices
or edges than those in M, are shared by each two of Hy, H1,...,Hy;. We work
here and in [6, 7] with the cubic distance-transitive (or CDT) graphs G, [2]:

CDT graph G n d| g k| n a b|h |k
Tetrahedral graph K4 | 4 13 2 | 4 24 0|1 1
Thomsen graph K3 3 6 2 |4 319 72 1112
3-cube graph Q3 8 314 216 48 1011
Petersen graph 10 215 3| 12 120 01010
Heawood graph 14 |3|6 [4]|28 |33 |1|1]0
Pa%pus graph 18 4|6 3 | 18 216 1113
Dodecahedral graph 20 |55 | 2|12 [120 |0 |1 |1
Desargues graph 20 5|6 3|20 240 1113
Coxeter graph 28 4|7 |3 |24 |33 [0]0]3
Tutte 8-cage 30 418 5 | 90 1440 | 1|1 | 2
Foster graph 90 8110 | 5| 216 [ 4320 |1 |1 |0
Biggs-Smith graph 102 | 7|9 4 | 136 | 2448 |0 |1 | 3

where n, d, g, k,n and a are order, diameter, girth, AT or arc-transitivity, number
of g-cycles and number of automorphisms, respectively, with b (resp. h) = 1if G
is bipartite (resp. hamiltonian) and = 0 otherwise, and x defined as follows: let
P, and P, be respectively a (k — 1)-path and a directed (k — 1)-path (of length
k—1); let Cy and ég be respectively a cycle and a directed cycle of length g;
then (see Theorem 2 below): x = 0, if G is not (CZ,;]%)—UH; k=1 i Gis
planar; k = 2, if G is (Ci,; ﬁk)—UH with g =2(k—1); k =3, if G is (C’;; P_’;c)—UH
with g > 2(k — 1).

Given a finite graph H and a subgraph M of H with |V(H)| > 3, we say
that a graph G is (strongly fastened) SF (H; M)-UH if there is a descending
sequence of connected subgraphs M = Mj, ..., My ) —2 = K> such that: (a)
M1 is obtained from M; by the deletion of a vertex, for i = 1,...,|V(H)| —3
and (b) G is a (2! — 1)-fastened (H; M;)-UH graph, for i = 1,...,|V(H)| — 2.
Theorem 1 below asserts that every CDT graph is an SF (C,; Py)-UH graph.

Given a graph C' and 0 < k € Z such that k is at most the diameter of
C, recall that the k-power graph C* of C has V(C*) = V(C) and that two
vertices are adjacent in C* if and only if they are at distance k in C. Theorem 2
establishes which CDT graphs are (C’;; P,)-UH digraphs. Elevating the resulting
oriented cycles to the (k—1)-power enables the construction, in Section 3 and in
[7], of fastened C-UH graphs, with C formed by copies of K3, K4, C7 and L(Q3),
when k = 3, via ‘zipping’ of the O-O induced (k — 1)-arcs shared (as (k — 1)-
paths) by pairs of O-O g-cycles. In particular, the Pappus (resp. Desargues)
graph yields the disjoint union of two copies of the Menger graph of the self-dual
(93)- (resp. (103)-) configuration, [5].

2 (Cy, P;)-UH properties of CDT graphs



Theorem 1 Let G be a CDT graph of girth = g and AT = k. Then G is an SF
(Cy; Pix2)-UH graph, for i =0,1,...,k — 2. In particular, G is a (Cy; Py)-UH
graph and has exactly 25=23ng="! g-cycles.

Proof. We have to see that each CDT graph G with girth = g and AT = k
is a (2 — 1)-fastened (Cy; Pr—;)-UH graph, for i = 0,1,...,k — 2. In fact, each
(k —i—1)-path P = P;_; of any such G is shared exactly by 2¢ g-cycles of G,
for i = 0,1,...,k — 2. Moreover, each two of these 2¢ g-cycles have just P in
common. This and a simple counting argument for the number of g-cycles, as
cited in the table above, yield the assertions in the statement. n

Theorem 2 The CDT graphs G of girth = g and AT = k that are not (d«ﬂ ﬁk)-
UH digraphs are the Petersen graph, thf Heawood graph and the Foster graph.
The remaining nine CDT graphs are (Cy; Py)-UH.

Proof. Given a (ég; P,)-UH graph G, an assignment of an orientation to each
g-cycle of G such that the two g-cycles shared by each (k — 1)-path receive
opposite orientations yields a (6'9; Py)-orientation assignment (or (6'9; P,)-OA).
The collection of n oriented g-cycles corresponding to the n g-cycles of G, for a
particular (C,; Py)-OA will be called an (Cy; P, )-OAC.

The graph G = K, on vertex set {1,2,3,0} admits the (4Cs; P;)-OAC
{(123), (210), (301), (032)}. The graph G = K3 3 obtained from Kg (with vertex
set {1,2,3,4,5,0}) by deleting the edges of the triangles (1, 3,5) and (2, 4,0) ad-
mits the (9 Cy; Py)-OAC {(1234), (3210), (4325), (1430), (2145), (0125), (5230),
(0345), (5410)}. The graph G = Q3 with vertex set {0,...,7} and edge set
{01, 23, 45, 67, 02, 13, 46, 57, 04, 15, 26, 37} admits the (6 o ﬁg)—OAC
{(0132), (1045), (3157), (2376), (0264), (4675)}.

If G = Pet is the Petersen graph, then G can be obtained from the disjoint
union of the 5-cycles oo = (upuiuguzuy) and Ve = (vovav4v1v3) by the addition
of the edges (u,,v;), for © € Zs. Apart from the two 5-cycles given above, the
other ten 5-cycles of G can be denoted by p,; = (Uz—1Uglsyt1Uz410z—1) and
Ve = (Vp—2UgUpq2UztoUs—2), for each x € Zs. Then the following sequence of
alternating 6-cycles and 2-arcs starts and ends up with opposite orientations:
g (uzuguy ) (uouiug) iy (uavavo)vy (vausus)ug , where the upper indices =+
indicate either a forward or backward selection of orientation and each 2-path
is presented with the orientation of the previously cited 5-cycle but must be
present in the next 5-cycle with its orientation reversed. Thus, Pet cannot be
a (Cs; P3)-UH digraph.

For each positive integer n, let I, stand for the n-cycle (0,1,...,n — 1),
where 0,1,...,n — 1 are considered as vertices. If G = Hea is the Heawood
graph, then G can be obtained from I14 by adding the edges (2z,5 + 2z), for
x € {1,...,7} where operations are in Zi4. The 28 6-cycles of G include the
following 7 6-cycles: v, = (2x,142x,242x, 34 2x,442x, 54 2x), where x € Z7.
Then the following sequence of alternating 6-cycles and 3-arcs starts and ends



up with opposite orientations for ~q:
7o (2345)y7 (T654)75 (6789)75 (ba98)5 (abed)s (10de)y (0123)y;,

(where tridecimal notation is used, up to d = 13). Thus, Hea cannot be a
(C7; P,)-UH digraph.

If G = Pap is the Pappus graph, then G can be obtained from I;5 by adding
the edges (1 4 62,6 + 62), (2 + 62,9 + 6z), (4 + 62,11 + 6x), for = € {0,1,2},
where operations are mod 18. Then G admits a (18 C; P3)-OAC formed by the
oriented 6-cycles Ag = (123456), By = (3210de), Cy = (34bcde), Dy = (0165gh),
Ey = (4329ab), (where octodecimal notation is used, up to h = 17), the 6-cycles
Az, By, Cy, Dy, B, obtained by adding 6z mod 18 to (the integer representations
of) the vertices of Ay, By, Cy, Do, Eo, where x € Z3\ {0}, and finally the 6-cycles
Fy = (23ef89), F1 = (hgbdba), Fo = (61idcT).

If G = Dod is the dodecahedral graph, then G can be seen as a 2-covering
graph of the Petersen graph H, where each vertex u,, (resp., v,.), of H is covered
by two vertices ay, ¢z, (resp. bs,d,). This can be done so that a (12 65; 162)—
OAC of GG is formed by the oriented 5-cycles (apaiasaszas), (cacscacico) and for
each = € Z5 also (amdzbz,2d1+1az+1) and (dzszrQCerQCm,sz,Q).

If G = Des is the Desargues graph, then G can be obtained from the 20-cycle
Iso, with vertices 4x,4x + 1,4x + 2, 4x + 3 redenoted alternatively xg, x1, x2, T3,
respectively, for z € {0, ...,4}, by adding the edges (x3, (x + 2)o) and (21, (x +
2)3), where operations are mod 5. Then G admits a (20 éﬁ;ﬁ3)-OAC formed
by the oriented 6-cycles A,, B, Cy, D, for x € {0, ..., 4}, where

Az=(zoz1z223(+1)0(2+4)3), By=(z1z0(z+4)3(z+4)2(z+2)1(z+2)2),
Cz:(wgwlwo(w+3)3(w+3)2(LE+3)1), Dt:(10(1+4)3(1+1)0(1+1)1(1-‘1—3)2(1-‘1—3)3)

If G = Tut is Tutte’s 8-cage, then G can be obtained form I3, with vertices
5z,bx+1,5x+2,5x+3,5x+4, 5x+5 denoted alternatively xg, x1, x2, 3, 4, Ts5,
respectively, for © € Zs, by adding the edges (zs, (z + 2)o), (z1, (x + 1)4) and
(22, (z + 2)3). Then G admits the (90 Cs; P5)-OAC formed by the oriented
8-cycles

A®=(450001020304051p), B°=(4243444510111213), C9=(0203044140252423),
[)02(3332314443421312)7 E0:(4510050441403500)7 F‘O:(4500354025241110)7
G9=(1011242302010045), H°=(2324111005040302), 1°=(0102030441421314),
J0=(1905040332314445), K0=(3132030201004544), L9=(2324253031320302),
MO%=(3540410403020100), N°=(3534212015140100), O°=(4243222134331213),
PO=(4544434241040510), QO=(4041421314153025), R9=(0102033231301514),

together with those obtained from these 18 8-cycles by adding « € Zs uniformly
mod 5 to all subindices. Accordingly, these 8-cycles are denoted A”,..., R*,
where = € Zs.

If G = Fos is the Foster graph, then G can be obtained from Igy, with
vertices dx,5x + 1,5z + 2,5z + 3,5x + 4,5x + 5 denoted alternatively xg, x1,
X2, T3, X4, Ts, respectively, for x € Zj5, by adding the edges (x4, (z + 2)1),
(0, (x4 2)5) and (x2, (z + 6)3). The 90 10-cycles of G include the following 15
10-cycles, where x € Z5.



r=(zaz5(x+1)o(z+1)1(z+1)2(z+1)3(z+1)a(z+1)5(z+2)o (z42)1),
Then the following sequence of alternating 10-cycles and 4-arcs:

o [Laloy 131197 [3a]¢5 (51197 [5alds [T1]od [Taldy [91]04 [9al¢g [b1]o ] [baldy [di]ed [dale, [01]¢ [04)

may be continued with ¢, , of opposite orientation to that of the initial ¢ar ,
where [z;] stands for a 3-path starting at the vertex z; in the previously cited
(to the left) oriented 10-cycle. Thus, Fos cannot be a (610; ﬁ5)—UH digraph.
The cases of the Coxeter and Biggs-Smith graphs are treated respectively in
the Theorem 2 of [6] and the Theorem 2 of [7]. 0

3 ‘Zipping’ the (k — 1)-powers of g-cycles

Given a CDT graph G with x = 3, consider the collection C5~(G) of (k — 1)-

powers of oriented g-cycles in the (776'9; ﬁk)—OAC of G in the proof of Theorem
2. If k = 3, then each arc € of a member C? of CZ(G) is marked by the middle

vertex of the 2-arc E in C for which & stands, while the tail and head of ¢ are
marked by the tail and head of E, respectively. This is the case below: we
consider the CDT graphs G with k = k = 3 in order to ‘zip’ such C?s along
their O-O arc pairs to obtain corresponding graphs Y (G) with C-UH properties.
In all these cases, the following sequence of operations is performed:

G — (nC,; Pp)-0OAC(G) — CFYG) — Y(G).

The CDT graphs G with x = 0 do not admit the approach suggested in
the previous paragraph for their g-cycles lack a (C_"g; ﬁk)—OA; those with k = 1
admit the approach with Y (G) = G so nothing new is obtained more than a
corresponding polyhedral graph (embeddable into the sphere) with faces de-
limited by g-cycles, namely the tetrahedral, 3-cube and dodecahedral graphs;
those with x = 2 again admit the approach, but since k/2 = k — 1, then
Y(G) = (g — 1)G*~1, the multigraph of multiplicity g — 1 on the (k — 1)-th
power of G.

If G is either the Pappus graph Pap or the Desargues graph Des, then
C3(G) is formed by triangles conforming a graph Y (G) with just two connected
components Y (G) and Y2(G).

Each of Y1 (Pap) and Y2(Pap) is embeddable in a closed orientable surface T}
of genus 1, or 1-torus. In fact, Figure 1 shows toroidal cutouts of Y7 (Pap) and
Y>(Pap). Notice that the copies of K3 in C§(G) are contractible in Ty. These
triangles form two collections Hi, Ha of copies y! of K3 closed under parallel
translation, where y = A, B,C,D,E,F; i = 0,1,2 and 7 = 1,2, namely: the
nine of H; (H2) with horizontal edge below (above) its opposite vertex. There
is also a collection Hy of nine non-contractible copies of K3 in G, traceable
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Figure 1: Toroidal cutouts of Y7 (Pap) and Y2 (Pap)

linearly in three different parallel directions, three such triangles per direction,
with the edges of each triangle marked by an associated common vertex of Pap.

There are embeddings of Y3 (Pap) and Y2(Pap) in Ty for which Hy and either
‘H1 or Hs provide the composing faces. In addition, each of H;i, Hs and Hy is
formed by three classes of parallel elements, in the sense that any two of them
in such a class do not have vertices in common. The self-dual (93)-configuration
in the following theorem is the Pappus configuration, [5].

Theorem 3 Yi(Pap) and Y2(Pap) are isomorphic Ka-fastened {Ho, Hy, Ha}-
UH graphs, where H; is a representative of H;, fori = 0,1,2. Moreover, each of
Y1(Pap) and Ya(Pap) can be taken as the Menger graph of the Pappus self-dual
(93)-configuration in 12 different forms, by selecting the point set P and the line
set L # P so that {P,L} C {V(Pap), Ho, H1, Ha} and the incidence relation
either as the inclusion of a vertex in a copy of K3 or as the containment by a
copy of K3 of a vertex or as the sharing of an edge by two copies of Ks.

Proof. The statement can be established by managing the data given above.
The 12 different claimed forms correspond to the arcs of the complete graph on
vertex set {V (Pap), Ho, H1, Ha}. 0

If G = Des, then Y1(G) and Y3(G) are isomorphic Ks-fastened (K4, K3)-UH
graphs, each formed by five copies of K4 and ten copies of K3, with each such
copy of K3: (a) not forming part of a copy of K4 in Y1G) or Y2(G); (b) having
its edges marked by a constant symbol, as shown in Figure 2.

Deleting a copy H of K4 from such Y;(Des) yields a copy of Kj 22, four
of whose composing copies of K3, with no common edges, are faces of corres-
ponding copies of Ky # H; the other four copies of K3 are among the ten
mentioned copies of K3 in G. A realization of Y1(G) (or Y2(G)) in 3-space can
be obtained from a regular octahedron Oz realizing the K3 29 cited above via
the midpoints of the four segments joining the barycenters of four edge-disjoint



Figure 2: Representations of Y7 (Des) and Ya(Des)

alternate triangles in O3 to the barycenter of O3 by constructing the tetrahedra
determined by each of these alternate triangles and the nearest constructed mid-
point, as well as the fifth central tetrahedron determined by the four midpoints.

By considering the barycenters of the resulting five tetrahedra and the seg-
ments joining them, a copy of K5 in 3-space is obtained. The geometric line
graph L(K3) it gives place to appears as a smaller version of Y1 (G) (or Ya2(G))
contained in a octahedron O} C Os. This procedure may be repeated indefi-
nitely, generating a sequence of realizations of Y1 (G) (or Y2(G)) in 3-space. Since
Y1 (Des) and Ya(Des) are isomorphic to L(K5), whose complement is Pet, then
this sequence yields a corresponding sequence of realizations of Pet in 3-space.

We notice that the ten vertices and ten copies of K3 of either Y;(Des) (i =
1,2) may be considered as the points and lines of the Desargues self-dual (103)
configuration, and that the Menger graph of this coincides with Y;(Des), [5].
Each vertex of Y;(Des) is the meeting vertex of two copies of K4 and three
copies of K3 not forming part of a copy of Kj.

Theorem 4 Yi(Des) and Y2(Des) are Ky-fastened { K4, K3}-UH graphs com-
posed by five copies of K4 and ten copies of K3 each. Moreover, the ten vertices
and ten copies of K3 in either graph constitute the Desargues self-dual (103)
configuration, which has the graph itself as its Menger graph. Furthermore, both
graphs are isomorphic to L(Ks), whose complement is the Petersen graph.

Theorem 4 can be partly generalized by replacing L(K5) by L(K,) (n > 4).
This produces a Ks-fastened {K,,—1, K3}-UH graph.

Theorem 5 The line graph L(K,), with n > 4, is a Ka-fastened {K,_1, K3}-
UH graph with n copies of K,,_1 and (g) copies of Ks.

Proof. We assume that each vertex of K, is taken as a color of edges of L(K,)
under the following rule: Color all the edges between vertices of L(K,,) repre-
senting edges incident to a vertex v of K, with color v. Then, each triple of



edge colors for L(K,,) corresponds to the edges of a well determined copy of K3
in L(K,). Thus, there are exactly (;) copies of K3 intervening in L(K,) looked

upon as a {K,_1, K3}-UH graph. 0
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