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Abstract

Let C be a class of graphs closed under isomorphism and let~C be obtained from
C by an arc anchorage. A concept of~C-homogeneous graphs that include theC-ultra-
homogeneous graphs is given, with the explicit construction of ~C-homogeneous graphs
that are not C-ultrahomogeneous, via ordered pencils of binary projective spaces.

1 Introduction

Let G be a �nite, undirected, simple graph, and letW1; W2 be vertex subsets ofG. In
Gardiner's paper [3],G is said to behomogeneous(resp. ultrahomogeneous) if whenever
the induced subgraphsX 1 = G[W1]; X 2 = G[W2] are isomorphic, some isomorphism (resp.
every isomorphism) ofX 1 onto X 2 extends to an automorphism ofG. Moreover, Gardiner
gave an explicit characterization of the ultrahomogeneousgraphs, using previous work of
Sheehan [6]. In [5], Ronse showed that every homogeneous graph is ultrahomogeneous. For
homogeneity and ultrahomogeneity in linear and semilinearspaces, see for example [2].

Let Cbe a class of graphs closed under isomorphisms. In [4], Isaksen et al. de�ned a graph
G to be C-ultrahomogeneous if every isomorphism between induced subgraphs belonging toC
extends to an automorphism ofG. We could �nd no reference on any corresponding notion
of C-homogeneous graphs comparable with theC-ultrahomogeneous graphs of [4], in the
sense of Ronse's cited result [5]. In the present paper, the following notion of C-homogeneity
anchored at arcs (ordered pairs of adjacent vertices) is considered. A graphG is said to
be ~C-homogeneousif for each two isomorphic induced subgraphsX 1; X 2 2 C in G and arcs
v1w1; v2w2 of X 1; X 2, respectively, there exists an isomorphism� : X 1 ! X 2, with � (v1) = v2

and � (w1) = w2, extending to an automorphism ofG.
If C is the minimal class that contains two nonisomorphic graphsX 1 and X 2, for example,

a ~C-homogeneous graph is said to bef X 1; X 2g-homogeneous.
In particular, a C-ultrahomogeneous graph is~C-homogeneous. However, we present below

a f Tts;t ; K 2sg-homogeneous graphG�
r that is not f Tts;t ; K 2sg-ultrahomogeneous, for each pair

(r; � ) 2 ZZ2 with r > 3 and� 2 (0; r � 1), whereK 2s is the complete graph on 2s vertices and
Tts;t is the t-partite Tur�an graph on s vertices per part (a total ofts vertices) with t = 2 � +1 � 1
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and s = 2 r � � � 1. In Theorem 2.1 below, we obtain af K 4; K 2;2;2g-ultrahomogeneous graph
G1

3 that is the initial case in the de�nition of G�
r , given previously in Section 2.

The work of [4] dealt just with the following four classesC: (A) the complete graphs;
(B) their complements (the empty graphs);(C) the disjoint unions of complete graphs;(D)
their complements (the complete multipartite graphs). To the best of our knowledge, ours
is the �rst attempt to study a more heterogeneous classC0, contained in (or even coinciding
with) the union of the collections (A) and (D), sinceK 2s is in (A) and K ts;t is in (D).

Each graphG�
r will coincide with some connected~C0-homogeneous graphG expressible

in a unique way both as an edge-disjoint unionU1 of copies ofX 1 = K 2s and as an edge
union U2 of copies ofX 2 = Tts;t , and with:
(a) the classC0 minimal for containing copies ofX i , for i = 1; 2;
(b) no more copies ofX i in G than in Ui , for i = 1; 2;
(c) no two copies ofX i in G sharing more than one vertex, fori = 1; 2;
(d) each edge ofG shared by just one copy ofX 1 and one ofX 2, (edge-fastening).
Note that such a G is regular. Moreover, the numbermi (G; v) = mi (G) of copies ofX i

incident to each vertexv of G is independent ofv, for i = 1; 2. Such a graphG will be
said to be ahomogeneousf X 1gm1

`1
f X 2gm2

`2
-graph, where` i = number of copies ofX i in G and

mi = mi (G), for i = 1; 2. Clearly, G is ~C0-homogeneous, orf X 1; X 2g-homogeneous. IfG is C0-
ultrahomogeneous, orf X 1; X 2g-ultrahomogeneous, thenG is said to be aultrahomogeneous
f X 1g

m1
`1

f X 2g
m2
`2

-graph.
It is not di�cult to prove that the line graph of the r -cube is a ultrahomogeneousf K r g2

2r

f K 2;2gr � 1
r (r � 1)2r � 3 -graph, for 3� r 2 ZZ. We could extend our de�nition above to say that the

line graph of the 3-cube, the cuboctahedron, is a ultrahomogeneousf K 3g2
8f C4g2

6f C6g2
4-graph.

The claimed graphsG�
r are homogeneousf X 1gm1

`1
f X 2g

m2
`2

-graphs, where minf m1; m2g >
2, soG�

r is non-line-graphical. We pass to present the notions needed in order to de�ne these
graphs and prove their claimed properties.

2 Graphs of ordered pencils

In expressing �nite subsets, tuples, lines, planes, etc., we avoid setting explicit punctuation
marks when possible.

Let n = 2 r � 1. Each one of thej -subspaces of the projective (r � 1)-spaceP(r � 1; 2) =
F r

2 n f �0g equals the intersection ofP(r � 1; 2) with a correspondingF2-linear j -subspace of
F r

2 , for 0 � j � r � 2. Each one of then points a0a1 : : : ar � 1 6= �0 in P(r � 1; 2) will be
denoted by the integer given by the hexadecimal read-out of the binary r -tuple a0a1 : : : ar � 1,
where reading is done from left to right and preceding zeros are discarded. The resulting
integers, representing the points ofP(r � 1; 2), span ZZ\ (0; 2r ), whose natural order will be
taken as an assumed order forP(r � 1; 2). In particular, we denoteP(r � 1; 2) by means of
ZZ \ (0; 2r ): For example, the Fano planeP(2; 2) is formed by the nonzero binary 3-tuples
001, 010, 011, 100, 101, 110, 111 that we denote respectivelyby means of their hexadecimal
integer forms: 1; 2; 3; 4; 5; 6; 7.

P(r � 2; 2) will be identi�ed with the ( r � 2)-subspace ofP(r � 1; 2) represented by
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ZZ \ (0; 2r � 1) and called the initial copy of P(r � 2; 2) in P(r � 1; 2). (Its points can be
considered as thedirections of parallelism of the a�ne space A(r � 1; 2) obtained from
P(r � 1; 2) n P(r � 2; 2) by puncturing the �rst entry, a0 = 1, of its points, a0a1 : : : ar � 1 2
P(r � 1; 2) n P(r � 2; 2)).

For example, we writeP(2; 2) � P(3; 2), represented byf 1; : : : ; 7g immersed intof 1; : : : ;
f = 15g by sending 1 := 001 onto 1 := 0001; 2 := 010 onto 2 := 0010, etc., that is: by
pre�xing a zero to each 3-tuple. (On the other hand, puncturing the �rst entry from the 4-
tuples ofP(3; 2) yields for example: (0)001 as the direction of parallelism of the a�ne lines of
A(3; 2) with point sets f (1)000; (1)001g, f (1)010; (1)011g, f (1)100; (1)101g, f (1)110; (1)111g;
etc.).

Each one of the 2r � 2 � 1 (r � 3)-subspacesS of the initial copy of P(r � 2; 2) in P(r � 1; 2)
yields two (r � 2)-subspaces ofP(r � 1; 2), namely: (A) an (r � 2)-subspace formed by the
points of S and the complementsn � i in n of the points i 2 P(r � 2; 2) nS; (B) an (r � 2)-
subspace formed by the pointn = 2 r � 1, the points i of S and their complementsn � i in
n.

For example, P(1; 2) is formed by the points 1,2,3 and the sole line 123. Also,P(1; 2)
determines the planes 123ba98 = 123(f � 4)(f � 5)(f � 6)(f � 7) and 123fedc = 123f (f �
1)(f � 2)(f � 3) in P(3; 2), respectively.

(Similarly, any other subspace ofP(r � 1; 2) of dimension> 0 is presentable via an initial
copy of a lower-dimensional subspace.)

Let A0 be a (� � 1)-subspace ofP(r � 1; 2). The collection of all the � -subspaces of
P(r � 1; 2) containing A0 is called the (r; � )-pencil of P(r � 1; 2) through A0. A linearly
ordered presentation of this pencil is said to be an (r; � )-ordered pencilof P(r � 1; 2) through
A0. There are (2r � � � 1)! (r; � )-ordered pencils ofP(r � 1; 2) through A0, since there are
2r � � � 1 � -subspaces containingA0 in P(r � 1; 2). An (r; � )-ordered pencilv of P(r � 1; 2)
through A0 has the formv = ( A0 [ A1; : : : ; A0 [ Am1 ), whereA1; : : : ; Am1 are the nontrivial
cosets ofF r

2 mod its subspaceA0 [ f �0g, with m1 = 2 r � � � 1. A shorthand for this will be
used throughout: we just writev = ( A0; A1; : : : ; Am1 ).

In what follows, in particular for the following graph de�nition, the empty set ofP(r � 1; 2)
is said to be a (� 1)-subspaceof P(r � 1; 2).

The (r; � )-ordered pencils ofP(r � 1; 2) constitute the set of verticesv = ( A0; A1; : : : ; Am1 )
= ( A0(v); A1(v); : : : ; Am1 (v)) of a graphG�

r whose adjacency is given as follows. An edge ofG�
r

is given only between each two verticesv = ( A0; A1 : : : ; Am1 ) and v0 = ( A0
0; A0

1 : : : ; A0
m1

) that
satisfy the following three conditions, (where3. is implied by 1.-2. only if ( r; � ) = (3 ; 1)):
1. A0 \ A0

0 is a (� � 2)-subspace ofP(r � 1; 2);
2. for each 1� i � m1, A i \ A0

i is a nontrivial coset ofF r
2 mod (A0 \ A0

0) [ f �0g;
3. U(v; v0) = [ m1

i =1 (A i \ A0
i ) is an (r � 2)-subspace ofP(r � 1; 2), (needed for (r; � ) 6= (3 ; 1)).

Remarks. (a) Let v�
r be the lexicographically smallest (r; � )-ordered pencil inG�

r and let
u�

r be its lexicographically smallest neighbor inG�
r . Then:

v1
3 =(1 ;23;45;67); u1

3=(2 ;13;46;57); (U(v1
3 ;u1

3)=347);

v1
4 =(1 ;23;45;67;89;ab;cd;ef ); u1

4=(2 ;13;46;57;8a;9b;ce;df ); (U(v1
4 ;u1

4)=3479 bcf );

v2
4 =(123 ;4567;89ab;cdef ); u2

4=(145 ;2367;89cd;abef; (U( v2
4 ;u2

4)=16789 ef ):
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We de�ne G�
r to be the component ofG�

r containing v�
r .

(b) For each� -subspaceW of P(r � 1; 2) and i 2 [1; m1] \ ZZ, there is a copy ofTts;t induced
in G�

r by all the vertices (A0; A1; : : : ; Am1 ) of G�
r for which A0 is a (� � 1)-subspace ofW and

A i = U n A0. Let us denote this copy ofTts;t by [Wi ]�r . For example, the copies ofT12;3 in
G1

4 incident to v1
4 have three 4-vertex parts that can be presented vertically as follows:

[1231]14
(1;23;45;67;89;ab;cd;ef )
(1;23;45;67;ab;89;ef;cd )

(2;13;46;57;8a;9b;ce;df )
(2;13;46;57;9b;8a;ce;df )

(3;12;47;56;8b;9a;cf;de )
(3;12;47;56;9a;8b;de;cf )

(1;23;67;45;89;ab;ef;cd)
(1;23;67;45;ab;89;cd;ef )

(2;13;57;46;8a;9b;cd;ef )
(2;13;57;46;9b;8a;cd;df )

(3;12;56;47;8b;9a;de;cf )
(3;12;56;47;9a;8b;cf;de)

[1452]14
(1;23;45;67;89;ab;cd;ef )
(1;23;45;67;cd;ef; 89;ab)

(4;26;15;37;8c;ae;9d;bf )
(4;26;15;37;9d;bf; 8c;ae)

(5;27;14;36;8d;af; 9c;be)
(5;27;14;36;9c;be;8d;af )

(1;67;45;23;89;ef;cd;ab)
(1;67;45;23;cd;ab;89;ef )

(4;37;15;26;8c;bf;9d;ae)
(4;37;15;26;9d;ae;8c;bf )

(5;36;14;27;8d;be;9c;af )
(5;36;14;27;9c;af; 8d;be)

[1673]14
(1;23;45;67;89;ab;cd;ef )
(1;23;45;67;ef;cd;ab;89)

(6;24;35;17;8e;ac;bd;9f )
(6;24;35;17;9f;bd;ac; 8e)

(7;25;34;16;8f;ad;bc; 9e)
(7;25;34;16;9e;bc;ad;8f )

(1;45;23;67;89;cd;ab;ef )
(1;45;23;67;ef;ab;cd;89)

(6;35;24;17;8e;bd;ac;9f )
(6;35;24;17;9f;ac;bd; 8e)

(7;34;25;16;8f;bc;ad; 9e)
(7;34;25;16;9e;ad;bc;8f )

[1894]14
(1;23;45;67;89;ab;cd;ef )
(1;23;cd;ef; 89;ab;45;67)

(8;2a;4c;6e;19;3b;5d;7f )
(8;2a;5d;7f; 19;3b;4c;6e)

(9;2b;4d;6f; 18;3a;5c;7e)
(9;2b;5c;7e;18;3a;4d;6f )

(1;ab;45;ef; 89;23;cd;67)
(1;ab;cd;67;89;23;45;ef )

(8;3b;4c;7f; 19;2a;5d;6e)
(8;3b;5d;6e;19;2a;4c;7f )

(9;3a;4d;7e;18;2b;5c;6f )
(9;3a;5c;6f; 18;2b;4d;7e)

[1ab5]14
(1;23;45;67;89;ab;cd;ef )
(1;23;ef;cd; 89;ab;67;45)

(a;28;4e;6c;39;1b;7d;5f )
(a;28;5f; 7d;39;1b;6c;4e)

(b;29;4f; 6d;38;1a;7c;5e)
(b;29;5e;7c;38;1a;6d;4f )

(1;89;45;cd;23;ab;67;ef )
(1;89;ef; 67;23;ab;cd;45)

(a;39;4e;7d;28;1b;6c;5f )
(a;39;5f; 6c;28;1b;7d;4e)

(b;38;4f; 7c;29;1a;6d;5e)
(b;38;5e;6d;29;1a;7c;4f )

[1cd6]14
(1;23;45;67;89;ab;cd;ef )
(1;23;89;ab;45;67;cd;ef )

(c;2e;48;6a;59;7b;1d;3f )
(c;2e;59;7b;48;6a;1d;3f )

(d;2f; 49;6b;58;7a;1c;3e)
(d;2f; 58;7a;49;6b;1c;3e)

(1;ef; 45;ab;89;67;cd;23)
(1;ef; 89;67;45;ab;cd;23)

(c;3f; 48;7b;59;6a;1d;2e)
(c;3f; 59;7b;48;7b;1d;2e)

(d;3e;49;7a;58;6b;1c;2f )
(d;3e;58;6b;49;7a;1c;2f )

[1ef7]14
(1;23;45;67;89;ab;cd;ef )
(1;23;ab;89;67;45;cd;ef )

(e;2c;4a;68;79;5b;3d;1f )
(e;2c;5b;79;68;4a;3d;1f )

(f; 2d;4b;69;78;5a;3c;1e)
(f; 2d;5a;78;69;4b;3c;1e)

(1;cd;45;89;67;ab;23;ef )
(1;cd;ab;67;89;45;23;ef )

(e;3d;4a;79;68;5b;2c;1f )
(e;3d;5b;68;79;4a;2c;1f )

(f; 3c;4b;78;69;5a;2d;1e)
(f; 3c;5a;69;78;4b;2d;1e)

For a second example ofTts;t , we note that the copies ofT14;7 in G2
4 incident to v2

4 have vertex
sets:

[12345671]24 [12389ab2]24 [123cdef3]24

(123;4567;89ab;cdef )
(123;4567;cdef; 89ab)

(123;4567;89ab;cdef )
(123;cdef; 89ab;4567)

(123;4567;89ab;cdef )
(123;89ab;4567;cdef )

(145;2367;89cd;abef )
(145;2367;abef;89cd)

(189;45cd;23ab;67ef )
(189;67ef; 23ab;45cd)

(1cd;4589;67ab;23ef )
(1cd;67ab;4589;23ef )

(167;2345;89ef;abcd)
(167;2345;abcd;89ef )

(1ab;45ef; 2389;67cd)
(1ab;67cd;2389;45ef )

(1ef; 45ab;6789;23cd)
(1ef; 6789;45ab;23cd)

(246;1357;8ace;9bdf )
(246;1357;9bdf; 8ace)

(28a;46ce;139b;57df )
(28a;57df; 139b;46ce)

(2ce;468a;579b;13df )
(2ce;579b;468a;13df )

(257;1346;8adf; 9bce)
(257;1346;9bce;8adf )

(29b;46df; 138a;57ce)
(29b;57ce;138a;46df )

(2df; 469b;578a;13ce)
(2df; 578a;469b;13ce)

(347;1256;8bcf;9ade)
(347;1256;9ade;8bcf )

(38b;47cf; 129a;56de)
(38b;56de;129a;47cf )

(3cf; 478b;569a;12de)
(3cf; 569a;478b;12de)

(356;1247;8bde;9acf )
(356;1247;9acf; 8bde)

(39a;47de;128b;56cf )
(39a;56cf; 128b;47de)

(3de;478b;569a;12cf )
(3de;569a;478b;12cf )

where each 2-vertex part is given contiguously in a column.
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(c) For each (r � 1; � � 1)-ordered pencil (U0; U1; : : : ; Um1 ) of an (r � 2)-subspaceU in
P(r � 1; 2), there is a copy ofK 2s in G�

r (whereU0 = ; in case� = 1) induced by the vertices
(A0; A1; : : : ; Am1 ) of G�

r having A i � Ui , for 1 � i � m1. Let us denote this copy ofK 2s by
[U0; U1; : : : ; Um1 ]�r . For example, the induced copies ofK 8 in G1

4 incident to v1
4 are:

[; ; 2; 4; 6; 8; a; c; e]14 = [2468ace]14; [; ; 3; 4; 7; 8; b; c; f]14 = [3478bcf]14;
[; ; 2; 4; 6; 9; b; d; f ]14 = [2469bdf ]14; [; ; 3; 4; 7; 9; a; d; e]14 = [3479ade]14;
[; ; 2; 5; 7; 8; a; d; f ]14 = [2578adf ]14; [; ; 3; 5; 6; 8; b; d; e]14 = [3568bde]14;
[; ; 2; 5; 7; 9; b; c; e]14 = [2579bce]14; [; ; 3; 5; 6; 9; a; c; f ]14 = [3569acf ]14;

(where for � = 1 we may use the shorter notation that avoids writing; and the commas).
The induced copies ofK 4 in G2

4 are:

[1; 45; 89; cd]24; [2; 46; 8a; ce]24; [3; 47; 8b; cf]24;
[1; 45; ab; ef]24; [2; 46; 9b; df ]24; [3; 47; 9a; de]24;
[1; 67; 89; ef ]24; [2; 57; 8a; df ]24; [3; 56; 8b; de]24;
[1; 67; ab; cd]24; [2; 57; 9b; ce]24; [3; 56; 9a; cf ]24:

The vertices of each such copy [U0; U1; : : : ; Um1 ]�r of K 2s can be displayed as a product
of arrays of subsets of the formf A i;j g = f X i;j g � f Yi;j g = f X i;j [ Yi;j g. For example,
[U0; U1; : : : ; Um1 ]�r = [ ; ; 2; 4; 6; 8; a; c; e]14 can be displayed as:

(1;23;45;67;89;ab;cd;ef )
(3;12;47;56;8b;9a;cf;de )
(5;27;14;36;8d;af; 9c;be)
(7;25;34;16;8f;ad;bc; 9e)
(9;2b;4d;6f; 18;3a;5c;7e)
(b;29;4f; 6d;38;1a;7c;5e)
(d;2f; 49;6b;58;7a;1c;3e)
(f; 2d;4b;69;78;5a;3c;1e)

=

(; ;2;4;6;8;a;c;e)
(; ;2;4;6;8;a;c;e)
(; ;2;4;6;8;a;c;e)
(; ;2;4;6;8;a;c;e)
(; ;2;4;6;8;a;c;e)
(; ;2;4;6;8;a;c;e)
(; ;2;4;6;8;a;c;e)
(; ;2;4;6;8;a;c;e)

�

(1;3;5;7;9;b;d;f )
(3;1;7;5;b;9;f;d )
(5;7;1;3;d;f; 9;b)
(7;5;3;1;f;d;b; 9)
(9;b;d;f; 1;3;5;7)
(b;9;f;d; 3;1;7;5)
(d;f; 9;b;5;7;1;3)
(f;e;b;9;7;5;3;1)

wheref X i;j g has constant columns and each one of its rows as (U0; U1; : : : ; Um1 ) = ( ; ; 2; 4; 6; 8;
a; c; e), and where Yi;j = A j n Uj . The sets Yi;j , for each �xed i 2 [2; m1] \ ZZ, form a
permutation of the top setsY1;j . By just referring to the subindicesj 2 [0; m1] \ ZZ of these
top sets Y1;j to indicate the setsYi;j (( i; j ) 2 ([0; m1] \ ZZ)2) they represent, we see that
the array thesej form is a Latin square obtainable via induction steps on� = r � � , here
indicated by arrows:

J !

 
J J + 2 �

J + 2 � J

!

: (1;2)
(2;1) !

(1;2;3;4)
(2;1;4;3)
(3;4;1;2)
(4;3;2;1)

!

(1;2;3;4;5;6;7;8)
(2;1;4;3;6;5;8;7)
(3;4;1;2;7;8;5;6)
(4;3;2;1;8;7;5;4)
(4;5;7;8;1;2;3;4)
(6;5;8;7;2;1;4;3)
(7;8;5;6;3;4;1;2)
(8;7;6;5;4;3;2;1)

whereJ is the square matrix or array thesej form, with 2� = 2 r � � rows, or columns. In this
way we have for example the copy [1; 45; 89; cd]24 of K 4 in G2

4 expressible as follows:

(123;4567;89ab;cdef )
(167;2345;89ef;abcd)
(1ab;45ef; 6789;23cd)
(1ef; 45ab;2389;67cd)

=
(1;45;89;cd)
(1;45;89;cd)
(1;45;89;cd)
(1;45;89;cd)

�
(23;67;ab;ef )
(67;23;ef;ab)
(ab;ef;23;67)
(ef;ab;67;23)
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(d) We aim to prove that G�
r is a homogeneousf Tts;t g

m1
`1

f K 2sg
m2
`2

-graph with m1 = 2 � �
1 = 2r � � � 1; m2 = 2s(2� � 1); `1 = m1

st jV(G�
r )j; `2 = (2 � � 1)jV(G�

r )j and jV(G�
r )j =�

r
�

�

2
� r � �

i =1 (2i � 1(2i � 1)) = � r � �
i =1 (2i � 1(2i + � � 1)) = O(2(r � 1)2

), where
�

r
�

�

2
= � r � �

i =1
2i + � � 1

2i � 1 is
the number of di�erent ( � � 1)-subspacesA0 of P(r � 1; 2), known as one of the Gaussian
binomial coe�cients. We start by establishing some properties ofG�

r .

Theorem 2.1 The graph G1
3 = G1

3 is a connected ultrahomogeneous 12-regularf K 4g4
42

f K 2;2;2g3
21-graph of order 42 and diameter 3, withjA (G1

3)j = 1008 = 4jE(G1
3)j: The edges of

G1
3 can be seen as the left cosets of a subgroup� � A (G1

3) of order 4, and its vertices as the
left cosets of a subgroup ofA (G1

3) of order 24.

Proof. The lexicographically smallest path realizing the diameter of G1
3 is (v1

3; u1
3; (4; 15;

26; 37); (1; 45; 67; 23)), a 3-path. Now, a set of 16 generators� i of A (G1
3), that transforms � 1

3 =
(v1

3; u1
3) = ((1 ; 23; 45; 67); (2; 13; 46; 57)) into any arc (= ordered pair of adjacent vertices) of

G1
3, is given by automorphisms� i =  i � � i = � i �  i , (i = 1 : : : 16), where

� 1=(23)(67) ;
� 5=(12)(56) ;

� 2=(45)(67) ;
� 6=(47)(56) ;

� 3=(13)(57) ;
� 7=(15)(37) ;

� 4=(46)(57) ;
� 8=(26)(37) ;

� 9=(14)(27) ;
� 13 =(16)(34) ;

� 10 =(27)(36) ;
� 14 =(25)(34) ;

� 11 =(17)(35) ;
 15 =( A 1A 3 );

� 12 =(24)(35) ;
 16 =( A 2A 3);

are 16 de�ning equalities with their right hand sides interpreted as permutations expressed
in cycle notation, with the �rst 14 items taken as permutations of P(2; 2), the last two
items as permutations off A1; A2; A3g, and  i ; � j taken as the corresponding identities, for
1 � i � 14, j = 15; 16. The permutations� i and  j are said to beA-permutations (term
de�ned in general in Section 3 below) inP(2; 2) and P(1; 2), respectively, with each j taken
as a permutation of the subindicesk of the participating pairs Ak , wherek = 1; 2; 3. (This
point of view is extended in Theorem 3.6). The subgroup � ofA (G1

3) sending� 1
3 onto itself,

either directly or inversely oriented, is generated by� 6 � � 16 and � 5. � is a subgroup of
A ([123]1), which is generated by� 1; � 2; � 5; � 6 and � 16. These �ve automorphisms together
with � 15 constitute a set of generators forA ([ 3

i =1 [123]i ). The remaining automorphisms� i

take A([ 3
i =1 [123]i ) into nontrivial cosets in A (G3

1) by left multiplication. The subgroup of
A (G1

3) that �xes v1
3 has order 24 and is generated by

� 1; � 2; � 4 � � 16; � 6 � � 16; � 8 � � 15; � 10 � � 15; � 12 � � 15 � � 16; � 14 � � 15 � � 16:

Now, jA (T6;3)j = 48 and jE(T6;3)j = 12, agreeing with j� j = jA (T6;3 )j
jE (T6;3 )j = 4. Also, G1

3 is the
edge-disjoint union of 21 copies ofT6;3, so it contains a total of 21jE(T6;3)j = 21 � 12 = 252
edges. Magma yieldsjA (G1

3)j = 21jA (T6;3)j = 1008, (with direct calculation left as an
alternative exercise). This is 4 times the number 252 of edges of G1

3. Its edges correspond
to the left cosets of � in A (G1

3) and its vertices to the left cosets of the stabilizer ofv1
3 in

A (G1
3), whose order is 24.

Theorem 2.2 G�
r has order

�
r
�

�

2
m1! and regular degreem1s(t � 1). Moreover, G�

r is uniquely
representable as an edge-disjoint union ofm1jV(G�

r )js� 1t � 1 (resp. (2� � 1)jV(G�
r )j) copies of

T3s;3 (resp. K 2s) and has exactlym1 (resp. m2 copies ofTts;t (resp. K 2s) incident to each
vertex, with no two such copies sharing more than one vertex and each edge ofG in exactly
one copy ofTts;t (resp. K 2s).
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Proof. The number of (� � 1)-subspacesF 0 in P(r � 1; 2) is # F 0 =
�

r
�

�

2
. For a list of

the points of each suchF 0 occupying the initial entry A0 of a vertex v of G�
r there arem1

classes modF 0 [ 0 that are permuted and distributed from left to right into the remaining
positionsA i of v. Thus, jG�

r j = (# F 0)m1! Each vertex ofG�
r is the sole intersection vertex of

m1 copies ofTts;t , as seen in the previous examples. Since the degree ofTts;t is s(t � 1), then
the degree ofG�

r is m1s(t � 1). The edge numbers ofTts;t and G�
r are respectivelys2t(t � 1)=2

and m1s(t � 1)jV(G�
r )j=2 so that G�

r is the edge-disjoint union ofm1jV(G�
r )js� 1t � 1 copies of

Tts;t . No other copies ofTts;t exist in G�
r .

In order to establish the claimed properties ofG�
r , we need to estimate its order and

diameter.

3 Order, diameter and ~C-homogeneity

The diameter ofG�
r is realized by the distance fromv�

r to another vertex w = ( A0; A1; : : : ;
Am1 ) of G�

r also with A0 = P(� � 2; 2) = (0 ; 2� � 1) \ ZZ. Note that A0 for � = r � � = 2; 3; 4; : : :
yields the set sequence 1; 123; 1234567; : : :.

3.1 Auxiliary graph H � on A-permutation group V(H � )

We consider the graphH � induced in the square graph (G�
r )2 by the vertices w for which

A0(w) = P(� � 2; 2). Clearly, v�
r 2 V(H � ). Moreover, H � depends only on the di�erence

� = r � � . Furthermore, Diameter (G�
r ) � 2 � Diameter (H � ).

Consider the case (r; � ) = (3 ; 1). We write B1 = 23; B2 = 45; B3 = 67, independently
of the positions that these pairs may occupy in a vertex ofH2 (= K 3;3). We assign to each
vertex v of H2 the permutation that maps the subindicesi of the entriesA i of v, (i = 1; 2; 3),
into the subindicesj of the pairs B j correspondingly �lling those entriesA i . This yields the
following bijection from V(H2) onto the group K = S3 of permutations of the point set of
the projective line P(1; 2), (with permutation expressed in cycle notation):

(1;23;45;67) ! 123 (1;23;67;45) ! 1(23)
(1;45;23;67)
(1;67;23;45)

! 3(12)
! (132)

(1;45;67;23)
(1;67;45;23)

! (123)
! 2(13)

where each permutation on the right side of `! ' is presented with its nontrivial cycles
written, as usual, between parenthesis and with the �xed elements expressed out of any pair
of parenthesis, for convenience of reference.

More generally, there is a bijection fromV(H � ) onto a group K of permutations of the
point set of P(� � 1; 2). The elements ofK , that we will call A -permutations, are to be used
for an auxiliary notation for the vertices ofH � . Thus, we denoteV(H � ) = K . For example,
v�

r 2 V(H � ) is now invested as the identity permutationI � = 123 : : : 2� , with �xed-point set
P(� � 1; 2) = 123 : : : 2� .

An ascending sequenceV(H2) � V (H3) � : : : < V (H � ) � : : : of A -permutation groups
is generated via the embeddings 	� : V(H � � 1) ! V(H � ), ( � > 2), de�ned by 	 � (� ) equal
to the product of the A-permutation � of P(� � 2; 2) � P(� � 1; 2) times the permutation
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obtained from � by replacing each of its symbolsi by the new symbolm1 � i , with m1

becoming a �xed point of 	 � (� ). Let us call this construction of 	 � (� ) out of � the doubling
of � . For example, 	 3 : V (H2) ! V(H3)) maps its domain as follows:

123 ! 7123654 =1234567 1(23) ! 71(23)6(54)=167(23)(45)
(123)
(132)

! 7(123)(654)=7(123)(465)
! 7(132)(645)=7(132)(456)

3(12)
2(13)

! 73(12)4(65)=347(12)(56)
! 72(13)5(64)=257(13)(46)

where each resultingA-permutation in V(H3) is rewritten to the right by expressing, from
left to right and lexicographically, �rst the �xed points an d then the remaining cycles.

The threeA-permutations in V(H3) listed rightmost in the exempli�ed assignment above
are of the formabc(de)(fg ), where ade and afg are lines ofP(3; 2), namely: 123 and 145,
for 167(23)(45); 312 and 356, for 347(12)(56); 213 and 246, for 257(13)(46).

A point of P(� � 1; 2) playing the role ofa in a product � of 2 � � 2 disjoint transpositions,
as in the just cited rightmost A -permutations, is to be called thepivot of �. For each point
a of P(2; 2), there are threeA-permutations in V(H3) having a as its pivot. For example,
the A-permutations in V(H3) having pivot 1 are: 123(45)(67), 145(23)(67) and 167(23)(45).

In general, for each (� � 2)-subspaceQ of P(� � 1; 2) and each elementa 2 Q, a (Q; a)-
transposition is de�ned as a permutation (bc) such that there is a lineabc � P(� � 1; 2)
with bc\ Q = ; . Then, for each �xed pair (Q; a), there are 2� � 2 (Q; a)-transpositions; their
product is an A-permutation in V(H � ) that we call the (Q; a)-permutation, p(Q; a), with Q
as its �xed-point set and a as its pivot.

The (Q; a)-permutations p(Q; a) in V(H � ) act as a set of generators for the groupV(H � ).
In fact, all elements ofV(H � ) can be obtained from the (Q; a)-permutations by means of
reiterated multiplications.

3.2 A vertex J� of H � at maximum distance from I �

For � > 1, a particular elementJ� 2 V(H � ) n V(H 1
� � 1) at maximum distance fromI � , (see

Theorem 3.1 below), is obtained as a productI � = p� q� with:
(A) p� = p(Q; 2� � 1), where Q is the (� � 2)-subspace ofP(� � 1; 2) containing 2� � 1 as well
as all ofP(� � 3; 2). For example

p2 = 2(13); p3 = 415(26)(37); p4 = 81239ab(4c)(5d)(6e)(7f );
p5 = g1234567hijklmn (8o)(9p)(aq)(br)(cs)(dt)(eu)(fv ); p6 = : : : ;

where hexadecimal notation, or its continuation in the English alphabet, is used.
(B) q� de�ned inductively by q2 = 3(12) and q� +1 = 	 � (p� q� ), for � > 1, where 	 � is as in
Subsection 3.1.

Initial examples of J� , with products indicated by dots '�', are

J2=2(13) �3(12)=(132);
J3=415(26)(37) �7(132)(645)=(1372456);
J4=81239ab(4c)(5d)(6e)(7 f )�f (1372456)(ec8dba9)=(137 f 248d6c5ba9e);
J5= g1234567hijklmn (8o)(9p)( aq)( br)( cs)( dt)( eu)( fv )�

(137f 248d6c5ba9e)( usogtrnipjqklmh )=
=(137 fv 248gt6codraklmhu )(5bnipes)(9 jq ):
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3.3 Types of vertices of H � and type-distance relation

An illuminating way of expressing eachv = J2; J3; J4; J5 is with the accompaniment of an
underlying permutation u:

v
u

=
=

(132)
(213)

v
u

=
=

(1372456)
(2456137)

v
u

=
=

(137f 248d6c5ba9e)
(248d6c5ba9e137f )

v
u

=
=

(137fv 248gt6codraklmhu )(5bnipes)(9 jq )
(248gt6codraklmhu 137fv )( es5bnip)( q9j )

where each symbolbi in u located under a symbolai of a cycle (a0a1 : : : ax� 1) of v belongs
to a line ai bi ai +1 of P(� � 1; 2), (with i + 1 taken mod x). Each A-permutation v, like
for exampleJ2; J3; J4; J5 now, will likewise be written with the accompaniment of a second
similar expressionu along a level underlying that ofv. In this context, we say that:
(a) bi is a di�erence symbol, (or ds), of v; (b) (b0b1 : : : bx� 1) is the ds-companion cycleof
(a0a1 : : : ax� 1); and (c) u is the ds-levelof v.

Each cycle (a0a1 : : : ax� 1) of J2; J3; J4; J5 was expressed by means of a pair of cycles,
(a0a1 : : : ax� 1) and (b0b1 : : : bx� 1), one on top of the other, in v and u respectively. We
remark that in general these two cycles di�er by just a shift of (b0b1 : : : bx� 1) with respect
to (a0a1 : : : ax� 1) in the amount of, say, y positions. These values ofy are, for our four
examples:J2 : y = 1; J3 : y = 4; J4 : y = 12; J5 : y = 16; 3; 1.

For � > 1, we de�ne the type � � (J� ) of J� as an expression showing the (parenthesized)
lengths of the cycles composingJ� , each one subindexed with its correspondingy, as just
conceived. For our four examples, we get:

� 2(J2) = (3 1); � 3(J3) = (7 4); � 4(J4) = (15 12) and � 5(J5) = (21 16)(73)(31):

Let us see how theds notation given above can be extended to the elementsp(Q; a)
of V(H � ). For example, we express the two-level expressionsv

u for the (P(� � 2; 2); 1)-
permutations v = p(P(� � 2; 2); 2); 1) as follows, for� = 3; 4:

v
u

=
=

123(45)(67)
123(11)(11)

v
u

=
=

1234567(89)(ab)( cd)( ef )
1234567(11)(11)(11)(11)

where: (a) each �xed point of v is repeated inu under its appearance inv; (b) ds-companion
x-cycles are well-de�ned cycles only ifx > 2; and (c) each transposition (a0a1) in v has
degenerate ds-companion cycle(bb), whereba0a1 is a line ofP(� � 1; 2); here we say that the
pivot b dominateseach transposition (a0a1).

We de�ne now the typesof the (P(� � 2; 2); 1)-permutations p(P(� � 2; 2); 1) above as:

� 3(p(P(1; 2); 1)) = � 3(123(45)(67)) = (1(2)(2)) = (1((2) 2))
� 4(p(P(2; 2); 1)) = � 4(1234567(89)(ab)(cd)(ef )) = (1((2) 4))

with the domination expressed in eachp((P(� � 2; 2); 1)) by a pair of parenthesis containing
the length, 1, of the pivot b = 1 followed by the (parenthesized) lengths of the cycles it
dominates. More generally, ifv is of the form p(Q; a) in V(H � ), then, it the same fashion, it
makes sense to take its type to be� � (v) = (1((2) 2� � 2

)) :
This concept of domination will permit us to extend the initiated notion of type of anA-

permutation. For example, the doubling provided by the embeddings 	 � : V(H � � 1) ! V (H � )
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in Subsection 3.1 allows the expression of other types ofA -permutations from Subsections
3.5 on. For now, we de�ne the type ofI � = 12 : : : (2� � 1) = 12 : : : m1 to be � � (I � ) = (1) :

The following fact is used in countingA-permutations and determining the diameter of
H � .

Theorem 3.1 The distanced(v; I � ) in H � from an A-permutation v to the identity I � is
related to the cardinality of the �xed-point setFv of v in P(� � 1; 2) by means of the equation

log2(1 + jFv j) + d(v; I � ) = �: (1)

Proof. I � has jFI � j = 2 � � 1 = m1, so (1) holds for I � because log2(1 + (2 � � 1)) = � .
Adjacent to I � are the elementsp(Q; a), which have 2� � 1 � 1 �xed points, so (1) holds for the
vertices at distance 1 fromI � . Successively, the vertices at distance 2 fromI � have 2� � 2 � 1
�xed points, etc., until inductively the A-permutations in V(H � ) have no �xed points, (J�

included), and are at distance� from I � , so they satisfy (1), too.

3.4 Two-line notation for J�

Another way to look at J� is in its two-line, or relation, notation:

J� =
�

� �
� �

�
=

�
123
312

�
;
�

1234567
3475612

�
;
�

123456789abcdef
3478bcfde9a5612

�
;
�

123456789abcdefghijklmnopqrstuv
3478bcfgjknorsvtupqlmhide 9a5612

�
;

for � = 2; 3; 4; 5, respectively. The lower levels here have the following pattern. Each symbol
pair in the following list L:

12; 34; 56; : : : ; (2i � 1)(2i ); : : : ; (2r � 1 � 3)(2r � 1 � 2);

is alternatively placed in the level� � , below the 2� � 1 position pairs (2i � 1)(2i ) of contiguous
points 6= 2 � � 1, according to the following instructions:(a) place the starting pair ofL in the
rightmost pair of still-empty positions of � � and erase it fromL; (b) place the new starting
pair of L in the leftmost pair of still-empty positions of � � and erase it fromL; (c) repeat
(a) and (b) alternatively until the point m1 = 2 � � 1 is left alone inL; (d) placem1 = 2 � � 1
in the (2� � 1 � 1)-th position of � � , that remained empty. Now,� � looks like:

3478:::(4i � 1)(4 i ):::(2r � 1 � 5)(2 r � 1 � 4)(2 r � 1 � 1)(2 r � 1 � 3)(2 r � 1 � 2):::(4i +1)(4 i +2) :::5612:

and can be expressed by means of the functionf de�ned by:

f (2i ) = 4 i; (i =1 ;:::;2� � 2 � 1);
f (2i � 1)
f (2� � 2i +1)

= 4 i � 1;
= 4 i +2 ;

(i =1 ;:::;2� � 2 � 1);
(i =1 ;:::;2� � 2 );

f (2� � 2i )
f (2� � 1 � 1)

= 4 i +1 ;
= 2 � � 1:

(i =1 ;:::;2� � 2 );

3.5 The other types at distance � from I �

The leftmost 2� � 1 � 1 symbols of� � form a (� � 2)-subspace� � of P(� � 1; 2). Let z(j ) =
p(� � ; f (j )) 2 V(H � ) having �xed-point set � � and pivot f (j ) 2 � � , wherej = 1; : : : ; 2� � 1 � 1.
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We remark that the products J� :z(j ), ( j = 2; 4; 6; : : : ; 2� � 1 � 2), yielding each a permu-
tation w� (j ) = J� :z(j ), are at distance� from I � and yield pairwise di�erent new types. We
also remark that successive powers of these permutationsw� (j ) must be checked in order
to obtain the remaining types at distance� from I � . We exemplify these observations for
r = 3; 4; 5.

First, w3(2) = J3:z(2) = (1372456):437(15)(26) = (1376524); which is a 7-cycle with
ds-companion cycle switched two positions to the right, that we indicate by de�ning type
� 3(w3(2)) = (7 2). Summarizing this, we have:

w3(2)
ds� level

(1376524)
(2413765)

type (72 )

Moreover, � 3(w3(2)) = � 3((w3(2))2) = : : : = � 3((w3(2))6) = (7 2), but ( w3(2))7 is the identity
permutation, whose type is (1). So, taking powers ofw3(2) did not contribute any new types.

For � = 3, an extension of� � takes place, in which the domination of a transposition by
its pivot extends to the domination of a cycle by another cycle (more examples in Subsection
3.6) indicated parenthesized as in Subsections 3.2-3. A special case of this, present in the re-
maining examples of this section, is with ac1-cycleC1 dominating ac2-cycleC2 which in turn
dominates ac3-cycle C3, and so on, until acx -cycle Cx dominatesC1, so that a super-cycle
(C1; C2; : : : ; Cx) appears. The type of the resulting permutation (or permutation factor) is
conceived as (c1(c2(c3(: : : (cx (y) : : :))))), where y, appearing as a subindex between the inner-
most parenthesis, is obtained by aligningC1, C2, : : :, Cx and their respective ds-companion
cyclesD1, D2, : : :, Dx so that each dominated ds-companion cycleD i +1 is presented in the
same order as its dominating cycleCi , for i = 1; : : : ; x. In this disposition, y is the shift of
the ds-companion cycle ofC1 with respect to its dominating cycleCx .

Values ofw4(j ) and types � 4(w4(j )), for j = 2; 4; 6, are as follows:

j 2 4 6
w4(j )
ds� level

(5be)(2489ad)(137f 6c)
(e5b)(6c137f )(2489ad)

(2485b)(137fa )( cde96)
(6cde9)(2485b)(137fa )

(137feda 5b6c9248)
(248137feda 5b6c9)

type (31 )(6(6( 0 ))) (5(5(5( 1 )))) (153 )

Powers ofw4(2) yield new types:

i 2 3
(w4(2)) i

ds� level
(5eb)(28a)(49d)(176)(3 fc )
(b5e)( a28)(d49)(617)( c3f )

5(8d)(36) b(29)(7 c)e(1f )(4a)
5(55)(55) b(bb)( bb)e(ee)( ee)

type (31 )5 (1((2) 2 )) 3

The type (31)5 here still represents a permutation at maximum distance, 4,from I 4. However,
the type (1((2)2))3 has distance 2 fromI 4. Subsequent powers of thesew4(j ), ( j = 2; 4; 6),
do not yield new types of elements ofV(H4).

We present theA-permutations w5(2i ), (1 � i � 6), and their types:
w5 (2)
w5 (4)

= (137 fv 6co9ju 5bnmlit 248gpakhqdres)
= (137 fvaktesdr 248glu9jihmp 6co5bnq)

� 5 (w5 (4))= (31 19 );
� 5 (w5 (2))= (31 13 );

w5 (6)
w5 (8)

= (137 fves 9jmtakp 248ghilq 5bnudr 6co)
= (137 fvi 9jak 5bn248gdrqpuhesl6cotm)

� 5 (w5 (8))= (31 18 );
� 5 (w5 (6))= (31 17 );

w5 (10)
w5 (12)

= (137 fvm 5bn6copqtidrul 248g9jeshak )
= (137 fvqh 6colestupm 9j 248g5bnakdri )

� 5 (w5 (12))= (31 12 );
� 5 (w5 (10))= (31 11 );

no new types are obtained from thesew5(2i ) by considering their powers.
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3.6 Types at distances < � from I �

We remark now that for j = 1; 3; : : : ; 2� � 1 � 1, the elementsw� (j ) = J� :z(j ) of V(H � ) are
at distance � � 1 from I � and provide pairwise di�erent new types. We also remark thatif
successive powers of thesew� (j ) are taken, they must be at distances< � � 1 from I � and
may provide new types ofA -permutations. We exemplify these observations for� = 3; 4; 5.
First, we have:

j 1 3
w3(j )
ds� level

5(246)(137)
5(624)(246)

6(24)(1375)
6(66)(2424)

type (31 (3)) (1(2(4)))

The square ofw3(1) still preserves its type. However, (w3(3))2 = 624(17)(35) = p(624; 6).
Thus, � 3((w3(3))2) = (1((2) 2)) : Also:

j 1 3
w4(j )
ds� level

a(6c)(248e)(137f )( b9d5)
a(aa)(6c6c)(248e)(248e)

9(248ae6c)(137f 5bd)
9(6c248ae)(248ae6c)

type (1(2(4((4) 2 )))) (73 (7))

j 5 7
w4(j )
ds� level

d(2486cea)(137f 95b)
d(6cea248)(2486cea)

e(5b)(6ca)(248)(137 fd 9)
e(ee)( ca6)(6ca)(248248)

type (75 (7)) (1(2))(3 1 ((3)(6)))

By taking the squares of these permutations, we get that (w4(3))2 and (w4(5))2 preserve the
respective types ofw4((3)) and w4(5), while w4(1) and w4(7) yield:

j 1 7
(w4 (j )) 2

ds� level
a(28)(4 e)6(17)( bd)c(3f )(95)
a(aa)( aa)6(66)(66) c(cc)( cc)

e5b(6ac)(284)(17 d)( f 93)
e5b(c6a)(6ca)(6ca)(6ca)

type (1((2) 2 )) 3 (31 ((3) 3 ))

The �rst one of these two types, (1((2)2))3, was seen in Subsection 3.5. Finally:

w5(1) l (akmiq )( jpdr 9)(6coes)( nht 5b)(248gu)(137fv ) type:
ds� level l (u248g)( akmiq )( akmiq )(6coes)(6coes)(248gu) (5((5)(5((5)(5(5)( 1 ))))))

w5(3) m( d r )(6coakiu )(248gqes)(137fv 5bnlhp9jt ) type:
ds� level m(mm )( akiu 6co)(6coakiu )(248gqes248gqes) (1(2))(7 4 (7(14)))

w5(5) i (es)(5bnp)( aku)(6c o)(248gmq)(137fv 9jh l t d r ) type:
ds� level i (i i )( e se s)( uak )( uak )(6co6 c o)(248gmq248gmq) (1(2(4)))(3(3(6(12))))

w5(7) h(248gimuesakq 6co)(137fvd r 5bn t9j lp ) type:
ds� level h(6co248gimuesakq )(248gimuesakq 6co) (153 (15))

w5(9) q(9j )(6c ouiak )(248gesm)(137fvhd rpt l 5bn ) type:
ds� level q(qq)( ak6coui )(6coui ak )(248gesm248gesm) (1(2))(7 2 (7(14)))

w5(11) p(esi)(5bn)(6coqum)( rth 9jd )(248gak )( 137fvl ) T ype:
ds� level p(ies)( esi )( ak248g )(6coqum)(6coqum)(248gak) (3(3))(6((6)(6(6))))

w5(13) t(248g6comakesuqi )(137fvpldrh 5bn9j ) type:
ds� level t (6comakesuqi248g)(248g6comakesuqi ) (1511 (15))

w5(15) u(ak)(6c o i)(248g)( sqme)(137fvtph )( bnd r l 9j 5) type:
ds� level u(uu)( akak )(6coi )(6co i )(248g 248g)( sqmesqme) (1(2(4(8)4(8)))
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3.7 A set of V(H � � 1)-coset representatives in V(H � )

The objective of this subsection is to establish a set of representatives of the cosets ofV(H � )
mod V(H � � 1). First, we de�ne a type � 0

� = � � (v) of certain verticesv 2 V(H � ):

� 0
2

� 0
3

=(1(2)) ;
=(1(2(4))) ;

� 0
6

� 0
7

=(1(2(4((4(8(16))) 2 )))) ;
=(1(2(4((4(8(16((16) 2 ))) 2 ))))) ;

� 0
4

� 0
5

=(1(2(4((4) 2 ))));
=(1(2(4((4(8)) 2 ))));

� 0
8

� 0
9

=(1(2(4((4(8(16((16(32)) 2 ))) 2 ))))) ;
=(1(2(4((4(8(16((16(32(64))) 2 ))) 2 ))))) ;

::: = :::::: ::: = ::::::

� 0
3s� 1

� 0
3s

=(1(2( :::(22s� 1 ):::))) ;
=(1(2( :::(22s� 1 (22s )) :::))) ;

� 0
3s+1

� 0
3s+2

=(1(2( :::(22s� 1 (22s ((2 2s )2 ))) :::))) ;
=(1(2( :::(22s� 1 (22s ((2 2s (22s+1 )) 2 ))) :::))) ;

for any s > 0. Consider for example� 0
6:

1(vu)(2 t3s)(46ro)(57qp)(8cah9dbg)( ni lfmjke )
1(11)( vuvu )(2 t3s)(2 t3s)(46ro46ro )(57qp5 7qp)

Besides the speci�ed dominations, we observe the presence of related lines: In a generic
A -permutation of this type, say

a0(b0b1)(c0c1c2c3)(d0d1d2d3)(e0e1e2e3)( f 0f 1f 2f 3f 4f 5f 6f 7)(g0g1g2g3g4g5g6g7);

those additional lines are:

a0c0c2; a0c1c3; b0d0d2; b1d1d3; b0e0e2; b1e1e3;
a0f 0f 4; a1f 0f 5; a0f 2f 6; a0f 3f 7; a0g0g4; a1g0g5; a0g2g6; a0g3g7;
b0f 0g0; b1f 1g1; b0f 2g2; b3f 3g3; b0f 4g4; b1f 5g5; b0f 6g6; b1f 7g7;

that can be interpreted as additional dominations to help invisualizing the form of the
A-permutations in the forthcoming selection of coset representatives.

The claimed set of representatives of the cosets ofV(H � ) mod V(H � � 1) is set as follows,
in �ve di�erent categories (a)-(e), where each category (b) and (d) admits two subcategories
subindexed� and � , and (Q; a)-permutations p(Q; a) are as in Subsection 3.1:

(a) the identity permutation I � ;

(b� ) a (Q; a)-permutation p(P(� � 2; 2); a), for eacha 2 P(� � 2; 2) taken as pivot; e.g.

� =3
123(45)(67)
231(46)(57) � =4

1234567(89)(ab)( cd)( ef )
2134567(8a)(9b)( ce)( df )

5123467(8d)(9c)( af )( be)
6123457(8e)(9 f )( ac)( bd)

312(47)(56) 3124567(8b)(9a)( cf )( de)
4123567(8c)(9d)( ad)( bf )

7123456(8f )(9e)( ad)( bc)

(b� ) those p(Q; a) where Q is a (� � 2)-subspace containing pivota = m1 = 2 � � 1; e.g.

� =3
716(25)(34)
725(16)(34) � =4

f 123cde(4b)(5a)(69)(78)
f 145abe(2d)(3c)(69)(78)

f 2578ad(1e)(3c)(4b)(69)
f 3478bc(1e)(2d)(5a)(69)

734(16)(25) f 16789e(2d)(3c)(4b)(5a)
f 2469bd(1e)(3c)(5a)(78)

f 3569ac(1e)(2d)(4b)(78)
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(c) a (Q; a)-permutation p(Q; a), for each x � 2 P(� � 2; 2), where Q is (� � 2)-subspace
with m1 � x � 2 Q � P(� � 1; 2) n f m1g, and a = m1 � x � is pivot; e.g.

415(26)(37)
514(27)(36)

81239ab(4c)(5d)(6e)(7 f )
91238ab(4d)(5c)(6 f )(7e)

81459cd(2a)(3b)(6e)(7 f )
91458cd(2b)(3a)(6 f )(7 e)

� =3 624(17)(35)
426(15)(37)

� =4 a12389b(4e)(5 f )(6c)(7d)
b12389a(4f )(5e)(6d)(7c)

c14589d(2e)(3 f )(6a)(7b)
d14589c(2f )(3e)(6b)(7a)

536(14)(27)
635(17)(24)

:::
:::

:::
:::

(d� ) a type � 0
� A-permutation � � , for each (� � 3)-subspaceX � of P(� � 2; 2) and each

x � 2 P(� � 2; 2) n X � , where X � = f m1 � x3jx � 2 X � g, selected as follows: the
only �xed point of such � is the smallest point in X � ; the only 2-cycle of� , with
(m1 � x � ) as ds, contains (m1 � x � ) and dominates a 4-cycle containingm1; subsequent
pairs, quadruples,: : : 2s-tuples : : : of intervening 4-cycles, 8-cycles,: : : ; 2s+1 -cycles,: : :,
respectively, have the �rst 2s+1 -cycle ending with the smallest available point ofX � ,
for s = 1; 2; : : :; e.g.

X 3 X 3 x3 � 3 X 4 X 4 x4 � 4

1
1

6
6

4
5

6(42)(7315)
6(53)(7214)

123
edc

edc
123

8
9

c(84)( f 73b)( a521)(69ed)
c(95)( f 63a)( b421)(78ed)

2
2

5
5

4
6

5(41)(7326)
5(63)(7124)

123
123

edc
edc

a
b

c(a6)( f 539)(8721)(4bed)
c(b7)( f 438)(9621)(5aed)

3
3

4
4

5
6

4(51)(7236)
4(62)(7135)

145
:::

eba
:::

8
:::

a(82)( f 75d)( c341)(69eb)
:::

(d� ) a type � 0
� A-permutation � � , for each pointx � of P(� � 2; 2) and each (� � 3)-subspace

X � of P(� � 2; 2) n f x � g, selected as follows: the only �xed point of� is the smallest
point in X � = f 2� � 1; : : : ; 2� � 2g nX � ; the only 2-cycle of� , with x � as its ds, contains
x � and dominates a 4-cycle containingm1; subsequent pairs, quadruples,: : : 2s-tuples
: : : of intervening 4-cycles, 8-cycles,: : : ; 2s+1 -cycles, : : :, respectively, have the �rst
2s+1 -cycle ending with the smallest available point ofX � , for s = 1; 2; : : :; e.g.

x3 X 3 ;X 3 ;X 3 � 3 x4 X 4 ;X 4 ;X 4 � 4

1
1

2; 5; 4
3; 4; 5

4(15)(7632)
5(14)(7623)

1
1

246;db9;ca8
257;da8;cb9

8(19)( fe 76)(2d34)(a5bc)
9(18)( fe 67)(2d35)(b4ac)

2
2

1; 6; 4
3; 4; 6

4(26)(7531)
6(24)(7513)

1
1

347;cb8;da9
356;ca9;db8

9(18)( fe 67)(3c24)(a5bd)
8(19)( fe 76)(3c25)(b4ad)

3
3

1; 6; 5
2; 5; 6

5(36)(7421)
6(35)(7412)

2
:::

145;eba;c98
:::; :::; :::

8(2a)( fd 75)(1e34)(96bc)
:::

(e) (2� � 1 � 1)(2� � 2 � 1) A -permutations � of type � 0
� with: �xed point equal to each point of

P(� � 2; 2); 2-cycle containingm1; main dominating 4-cycle� starting: at the smallest
available point, for 2� � 3 of these� , if � � 3; at the next smallest available point, for
2� � 4 of the remaining� , not yet used in� , if � � 4, etc.; remaining dominated 4-cycles,
8-cycles, etc., if applicable, varying with the next available smallest points; e.g.

� =3
1(76)(2435)
2(75)(1436) � =4

1(fe )(2d3c)(46b8)(57a9)
1(fe )(2d3c)(649a)(758b)

2(fd )(1e3c)(45b8)(679a)
2(fd )(1e3c)(54a9)(768b)

3(74)(1526) 1(fe )(4b5a)(26d8)(37c9)
:::

2(fd )(4b69)(15e8)(37ca)
:::

The representatives of the cosets ofV(H � ) mod V(H � � 1) presented above will be called the
selected coset representativesof V(H � ).
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Theorem 3.2 The A-permutations in a �xed categoryx 2 f (a); : : : ; (e)g are in 1-1 corres-
pondence with the cosets ofV(H � ) modV(H � � 1) they determine. Thus, they can e�ectively be
referred without confusion as `selected coset representatives' of V(H � ). Moreover, each such
coset has the same numberN � (x) of A -permutations of each type� � , included its associated
selected coset representative among possibly otherA -permutations of its type. Thus, the
distribution of types in a coset ofV(H � ) mod V(H � � 1) generated by anA-permutation in x
depends solely onx.

Proof. The selection of the �ve categories (a)-(e) is e�ective in producing speci�c represen-
tatives of distinct classes ofV(H � ) mod V(H � � 1), because the symbolm1 = 2 � � 1 is placed
once in each strategic position, while we set the remaining entries and di�erence symbols to
yield tightly di�erent situations, and yet covering each coset just once. On the other hand,
the representatives in each category are equivalent with respect to the structure of the cosets
of P(� � 1; 2) mod P(� � 2; 2) that yields the classes ofV(H � ) mod V(H � � 1). Thus, each of
these cosets has the same number of representatives, in particular in each type� � .

3.8 Simpli�ed types and properties of G�
r

The simpli�ed type 
 � (v) of an A-permutation v of V(H � ) is de�ned by writing from left to
right the parenthesized cycle lengths of� � (v) in non-decreasing order, (no dominating paren-
thesis or subindices now), with the cycle-length multiplicities � > 1 expressed via external
superscripts. This will allow us to write the cycle lengths of those 
 0

� = 
 � (v) corresponding
to the types � 0

� = � � (v) of Subsection 3.7 as products of prime powers between parenthesis
that distinguish the resulting exponents from the externalmultiplicity superscripts. For the
identity permutation, we agree that 
 � (I � ) = 
 � (1 : : : (2� � 1)) = 
 � (1 : : : m1) = (1).

We present tables, following this paragraph, that exemplify the assertion of Theorem 3.2
by means of simpli�ed types, for� = 2; 3; 4; 5. In each table, the header row indicates: a
�rst column for the di�erent existing simpli�ed types 
 � ; a second column for the common
distance D of the A-permutations of each of these
 � to I � , according to Theorem 3.1; a
subsequent column for eachx 2 f (a); : : : ; (e)g; and a �nal column � row whose meaning
is explained below; the second, auxiliary, row indicates the number N � (x) of cosets (as in
Theorem 3.2) in each categoryx; each remaining row but for the last one contains, in column
x, the number of selected coset representatives ofV(H � ) in x with a speci�c simpli�ed type

 � , so it is denotedrow
 � ; the �nal column � row contains in row
 � the scalar product of the
5-vectors

(row
 � (a); row
 � (b); row
 � (c); row
 � (d); row
 � (e)) and (N � (a); N � (b); N � (c); N � (d); N � (e));

the sum of the values of column �row yields the order ofH � , placed in the lower-right corner.


 2 D (a) (b) (c) (d) (e) � row

N2 (x) 1 2 � � � 6

(1) 0 1 � � � � 1
(2)
(3)

1
2

1
�

1
1

�
�

�
�

�
�

3
2

� col 2 2 � � � 6
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 3 D (a) (b) (c) (d) (e) � row

N3 (x) 1 6 6 12 3 28

(1) 0 1 � � � � 1
(2) 2

(3) 2
1
2

3
2

2
2

1
1

�
3

�
�

21
56

(2)(4)
(7)

2
3

�
�

2
�

2
2

1
2

2
4

42
48

� col 6 6 6 6 6 168


 4 D (a) (b) (c) (d) (e) � row

N4 (x) 1 14 28 56 21 120
(1)
(2) 4

0
1

1
21

�
4

�
1

�
�

�
�

1
105

(2) 6

(2) 2 (4) 2
2
2

�
42

6
30

3
12

�
6

2
6

210
1260

(3) 4

(2)(4) 3
2
3

56
�

24
24

6
24

10
18

�
24

1120
2520

(2)(3) 2 (6)
(7) 2

3
3

�
48

32
48

26
48

30
48

24
48

3360
5760

(3)(6) 2

(5) 3
4
4

�
�

�
�

12
12

18
12

16
16

1680
1344

(15)
(3) 5

4
4

�
�

�
�

24
�

24
2

32
�

2688
112

� col 168 168 168 168 168 20160


 5 D (a) (b) (c) (d) (e) � row

N5 (x) 1 30 120 240 105 496
(1)
(2) 8

0
1

1
105

�
8

�
1

�
�

�
�

1
465

(2) 12

(2) 4 (4) 4
2
2

210
1260

84
308

21
56

�
28

12
20

6510
26040

(3) 8

(2) 2 (4) 6
2
3

1120
2520

224
1848

28
672

36
504

�
504

19840
312480

(2) 2 (3) 4 (6) 2

(7) 4
3
3

3360
5760

2464
2688

812
896

756
896

756
640

416640
476160

(2) 6 (4) 4

(3) 2 (6) 4
3
4

�
1680

504
1680

210
1512

84
1848

168
1488

78120
833280

(5) 6

(15)2
4
4

1344
2688

1344
2688

1344
2688

1344
2688

1344
2688

666624
1333248

(3) 10

(2)(7) 2 (14)
4
4

112
�

112
3072

56
3072

168
2688

48
3072

55552
1428480

(2)(4) 3 (8) 2

(2)(3) 2 (4)(6)(12)
4
4

�
�

1344
1792

1344
1624

1176
1736

1344
1600

624960
833280

(3)(7)(21)
(31)

5
5

�
�

�
�

1792
4032

2176
4032

2048
4608

952320
1935360

� col 20160 20160 20160 20160 20160 9999360

The doubling provided by the embeddings 	� : V (H � ) ! V(H � ) of Subsection 3.1
happens in several places in these tables. If we indicate by � the map induced by 	 � at the
level of simpli�ed types, then we have: 3((2)) = (2) 2;  3((3)) = (3) 2, etc. In fact, all the
simpli�ed types of V(H � ) appear squared inV(H � ).

The A-permutations of type � 0
� yield simpli�ed types 
 0

� as follows:


 0
2


 0
3

=(2) ;
=(2)(4) ;


 0
6


 0
7

=(2)(4) 3 (8) 2 (16)2 ;
=(2)(4) 3 (8) 2 (16)6 ;


 0
4


 0
5

=(2)(4) 3 ;
=(2)(4) 3 (8) 2 ;


 0
8


 0
9

=(2)(4) 3 (8) 2 (16)6 (32)4 ;
=(2)(4) 3 (8) 2 (16)6 (32)4 (64)4 ;

::: = :::::: ::: = :::;:::
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 0
s+1


 0
s+2

=( 
 0
s )(2 2s )s ;

=( 
 0
s )(2 2s )3s ;


 0
s+3


 0
s+4

=( 
 0
s )(2 2s )3s (22s+1 )2s ;

=( 
 0
s )(2 2s )3s (22s+1 )2s (22s+2 )2s ;

for s � 2 mod 4.

Theorem 3.3 let V� = � � � 2
i =1 (2i � 1(2i � 1)) and let N 0

� (x) be the number of selected coset
representatives ofV(H � ) with simpli�ed type 
 0

� in category x 2 f (a); : : : ; (e)g. Then, for
� > 2 it holds that: 1. N 0

� (a) = 0 ; 2. N 0
� (b) = N 0

� (c) = N 0
� (e) = 2 � � 2V� ; 3. N 0

� (d) =
(2� � 2 � 1)V� :

Proof. The corollary follows by inductively counting the selectedcoset representatives of
V(H � ) with simpli�ed type 
 0

� in categories (a)-(e), starting from its values in the given
tables, for � = 2; 3; 4; 5; : : :.

Corollary 3.4 Categories(a)-(e) are composed by selected pairwise disjoint coset represen-
tatives of V(H � ), yielding a partition of V(H � ) mod V(H � � 1).

Proof. For � > 2, the corollary follows from Theorem 3.2 with distributionas in Theorem
3.3 for the vertices of type� 0

� , or simpli�ed type 
 0
� . Note the corollary also holds for� = 2.

The statement can be checked out alternatively by means of the A-permutation (J� � 1)2

(obtained via the doubling, Subsection 3.1, ofJ� � 1 in V(H � )) and those selected coset repre-
sentatives ofV(H � ) with its type, yielding alternative simpli�ed types 
 00

2 = (3) 2, 
 00
3 = (7) 2,


 00
4 = (15) 2, 
 00

5 = ((3)(7)(21)) 2, : : :. In this case, by de�ning N 00
� (x) as N 0

� (x) was in
Theorem 3.3, but with 
 00

� instead of 
 0
� , we get uniformly that N 00

� (x) = 2 � � 2V� , where
x 2 f (a); : : : ; (e)g. This covers all the classes ofV(H � ) mod V(H � � 1) and again implies the
statement.

Theorem 3.5 The following properties of the graphsG�
r hold for � � 1 and r � � + 2:

(A) jV(G�
r )j =

�
r
�

�

2
V� +2 = � r � �

i =1
2i + � � 1

2i � 1 � � r � �
i =1 (2i � 1(2i � 1)) = � r � �

i =1 (2i � 1(2i + � � 1));
(B) G�

r is sm1(t � 1)-regular;
(C) The diameter ofG�

r is � 2r � 2, with equality in case� = 1.
Thus, order, degree and diameter ofG�

r are respectively:O(2(r � 1)2
); O(2r � 1) and O(r � 1):

Proof. Item (C) is a corollary of Theorem 3.1. Item (B) can be deducedfrom the de�nition
of G�

r . Recall that N � (x) is the number of cosets (as in Theorem 3.2) in each category
x 2 f (a); : : : ; (e)g. Counting cosets obtained via doubling (Subsection 3.1) ineach category
shows that: (a) N � (a) = 1; (b) N � (b) = 2(2 � � 1 � 1); (c) N � (c) = 2 � � 2(2� � 1 � 1); (d) N � (d) =
2N � (c); (e) N � (e) = (2 � � 2 � 1)(2� � 1 � 1). Each coset in these categories contains exactly
jV(H � � 1)j A -permutations. By induction, we getjV(H � )j = V� +2 . SinceG�

r is the disjoint
union of

�
r
�

�

2
copies ofTts;t , item (A) follows. Finally, we have that jV(G�

r )j = O(2(r � 1)2
),

since (2r � 1) �
�

r
�

�

2
and jV(G1

r )j = (2 r � 1)� r � 1
i =2 (2i � 1(2i � 1)) = O(2r � 141+2+3+ :::+( r � 2)) =

O(2r � 1+( r � 2)( r � 1)); which is O(2(r � 1)2
):

Theorem 3.6 G�
r is an m1s(t � 1)-regular homogeneousf Tts;t g

m1
`1

f K 2sg
m2
`2

-graph which is not
ultrahomogeneous if and only if(r; � ) 6= (3 ; 1). Moreover, G�

r = G�
r if and only if � = r � 2.

In this latter case, G�
� +2 is f K 4g-ultrahomogeneous.
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Proof. Theorems 2.2 and 3.5 help to establish the counting part of the statement. Also,
the argument in the proof of Theorem 2.1 is adapted by replacing its permutations � i and
 j by A-permutations of P(r � 1; 2) and P(� � 1; 2), respectively, where each symbolk in
the A-permutations of P(� � 1; 2) must be replaced byAk (in a way that generalizes the
notation of Theorem 2.1 for the present general context). This yields, for each automorphism
� 2 A (G�

r ), a permutation  � of the positions of the nontrivial cosets ofF r
2 mod A0 [ f 0g

and a permutation � � of P(r � 1; 2) such that � = � � �  � .
From the remarks provided between the de�nition ofG�

r and Theorem 2.1, it can be
readily checked that for (r; � ) 6= (3 ; 1) there are automorphisms of the copy ofTts;t in G�

r

that contains the edge� �
r = v�

r u�
r , even �xing v�

r and u�
r , which cannot be extended to

automorphisms ofG�
r . A similar conclusion holds forK 2s provided � = r � 2, for which

K 2s = K 4.
Remarks. It can be seen thatG�

r is the Menger graph [1] of a (jV(G�
r )jm2 ; (l2)2s) con�gu-

ration whose points and lines are the vertices ofG�
r and the copies ofK 2s in G�

r , respectively.
For example, G2

4 is the Menger graph of a (21012; 6304) con�guration. However, if � = 1
then jV(G�

r )jm2 = ( l2)2s, the said con�guration is self-dual and the Menger graph coincides
with the corresponding dual Menger graph.
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