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Abstract

Let C be a class of graphs closed under isomorphism and |& be obtained from
C by an arc anchorage. A concept ofC-homogeneous graphs that include theC-ultra-
homogeneous graphs is given, with the explicit constructin of C-homogeneous graphs
that are not C-ultrahomogeneous, via ordered pencils of binary projectie spaces.

1 Introduction

Let G be a nite, undirected, simple graph, and letW; W, be vertex subsets ofG. In
Gardiner's paper [3],G is said to be homogeneougresp. ultrahomogeneousif whenever
the induced subgraphsX; = G[W,]; X, = G[W,] are isomorphic, some isomorphism (resp.
every isomorphism) ofX; onto X, extends to an automorphism ofG. Moreover, Gardiner
gave an explicit characterization of the ultrahomogeneougraphs, using previous work of
Sheehan [6]. In [5], Ronse showed that every homogeneougbre ultrahomogeneous. For
homogeneity and ultrahomogeneity in linear and semilineapaces, see for example [2].

Let Cbe a class of graphs closed under isomorphisms. In [4], Isakst al. de ned a graph
G to be C-ultrahomogeneous if every isomorphism between inducedguaphs belonging taC
extends to an automorphism of. We could nd no reference on any corresponding notion
of G-homogeneous graphs comparable with th&ultrahomogeneous graphs of [4], in the
sense of Ronse's cited result [5]. In the present paper, tt@ldéwing notion of C-homogeneity
anchored at arcs (ordered pairs of adjacent vertices) is dered. A graphG is said to
be C-homogeneoud for each two isomorphic induced subgraphX,; X, 2 C in G and arcs
V1Ws1; VoW, Of X 1; X5, respectively, there exists an isomorphism: X, ! X,, with  (vy) = v,
and (wj) = w;,, extending to an automorphism ofG.

If Cis the minimal class that contains two nonisomorphic graph¥; and X ,, for example,
a CG-homogeneous graph is said to eX ;; X ,g-homogeneous.

In particular, a C-ultrahomogeneous graph i€-homogeneous. However, we present below
af T ; Kasg-homogeneous grapks, that is not f Ty ; K 2sg-ultrahomogeneous, for each pair
(r; )2 Z%withr> 3and 2 (0;r 1), whereK , is the complete graph on & vertices and
Tis:t is the t-partite Tuan graph on s vertices per part (a total ofts vertices) witht =2 ** 1



ands =2" 1 In Theorem 2.1 below, we obtain &K 4; K »,.,g-ultrahomogeneous graph
G} that is the initial case in the de nition of G, , given previously in Section 2.

The work of [4] dealt just with the following four classe<C. (A) the complete graphs;
(B) their complements (the empty graphs){C) the disjoint unions of complete graphs(D)
their complements (the complete multipartite graphs). To he best of our knowledge, ours
is the rst attempt to study a more heterogeneous clas€’, contained in (or even coinciding
with) the union of the collections (A) and (D), sinceK 5 is in (A) and K is in (D).

Each graphG, will coincide with some connectedC>homogeneous grapl expressible
in a unique way both as an edge-disjoint uniotJ; of copies ofX; = K,s and as an edge
union U, of copies ofX; = T, and with:

(a) the classC’ minimal for containing copies ofX;, fori =1;2;

(b) no more copies oK; in G than in U;, fori =1;2;

(c) no two copies ofX; in G sharing more than one vertex, for = 1; 2;

(d) each edge ofs shared by just one copy oKX ; and one ofX,, (edge-fasteniny

Note that such a G is regular. Moreover, the numbem;(G;v) = m;(G) of copies ofX;
incident to each vertexv of G is independent ofv, for i = 1;2. Such a graphG will be
said to be ahomogeneou$ X 1gf'llfngf22-graph where; = number of copies ofX; in G and
m; = m;(G), fori = 1;2. Clearly, G is C*homogeneous, dfrX 1; X ,g-homogeneous. 16 is C-
ultrahomogeneous, of X ;; X ,g-ultrahomogeneous, therG is said to be aultrahomogeneous
fX1g7" fX2g72-graph

It is not di cult to prove that the line graph of the r-cube is a ultrahomogeneousK , g5
K220, " 1o s-graph, for 3 r 2 Z. We could extend our de nition above to say that the
line graph of the 3-cube, the cuboctahedron, is a ultrahomegeous K 3g3f C4g2f Ceg3-graph.

The claimed graphsG, are homogeneou$X:g"'f X »g"?-graphs, where mifims; myg >
2, soG, is non-line-graphical. We pass to present the notions neetlm order to de ne these
graphs and prove their claimed properties.

2 Graphs of ordered pencils

In expressing nite subsets, tuples, lines, planes, etc.,enavoid setting explicit punctuation
marks when possible.

Let n=2" 1. Each one of thg -subspaces of the projectiver( 1)-spaceP(r 1;2)=
FJ nf0g equals the intersection oP (r 1, 2) with a correspondingF,-linear j -subspace of
Fj,for0 j r 2. Each one of then points aga;:::a 1 6 0in P(r 1;2) will be
denoted by the integer given by the hexadecimal read-out ofi¢ binary r-tuple aga; :::a; 1,
where reading is done from left to right and preceding zeroseadiscarded. The resulting
integers, representing the points dP (r  1;2), span Z2\ (0;2"), whose natural order will be
taken as an assumed order fd?(r  1;2). In particular, we denoteP(r 1;2) by means of
Z\ (0;2"): For example, the Fano planeP (2; 2) is formed by the nonzero binary 3-tuples
001, 010, 011, 100, 101, 110, 111 that we denote respectiilymeans of their hexadecimal
integer forms: 12;3;4;5;6;7.

P(r 2;2) will be identied with the (r 2)-subspace ofP(r 1;2) represented by



Z\ (0;2" 1) and called theinitial copy of P(r 2;2) in P(r 1;2). (Its points can be
considered as thedirections of parallelismof the ane space A(r 1;2) obtained from
P(r L1,2)nP(r 2;2) by puncturing the rst entry, ag = 1, of its points, aga;:::a 1 2
P(r 12)nP(r 22).

For example, we writeP (2;2) P (3;2), represented byf 1;:::;7gimmersed intof 1;:::;
f = 15g by sending 1 := 001 onto 1 := 0001; 2 := 010 onto 2 := 0010, etc.hat is: by
pre xing a zero to each 3-tuple. (On the other hand, punctung the rst entry from the 4-
tuples of P(3; 2) yields for example: (0)001 as the direction of parallefis of the a ne lines of
A(3; 2) with point sets f (1)000; (1)001g, f (1)016, (1)011g, f (1)10G (1)101g, f(1)110 (1)111g;
etc.).

Eachoneofthe2 ?2 1 (r 3)-subspaces of the initial copy of P(r 2;2)in P(r 1;2)
yields two (r 2)-subspaces oP(r 1;2), namely: (A) an (r 2)-subspace formed by the
points of S and the complementsn i in n of the pointsi 2 P(r 2;2)nS; (B) an(r 2)-
subspace formed by the poinh = 2" 1, the pointsi of S and their complementsn i in
n.

For example, P (1; 2) is formed by the points 1,2,3 and the sole line 123. Als®,(1;2)
determines the planes 12808 = 123(Ff 4)(f 5)(f 6)(f 7) and 123edc = 123f (f
1D 2)(f  3)in P(3;2), respectively.

(Similarly, any other subspace oP(r 1;2) of dimension> 0 is presentable via an initial
copy of a lower-dimensional subspace.)

Let Ap be a (  1)-subspace ofP(r 1;2). The collection of all the -subspaces of
P(r 1;2) containing Aq is called the §; )-pencil of P(r 1;2) through Aq. A linearly
ordered presentation of this pencil is said to be am;( )-ordered pencilof P(r 1;2) through
Ao. There are (2 1)! (r; )-ordered pencils ofP(r 1;2) through Ag, since there are
2 1 -subspaces containind\o in P(r 1;2). An (r; )-ordered pencilv of P(r 1;2)

In what follows, in particular for the following graph de nition, the empty set of P(r 1;2)
is said to be a ( 1)-subspaceof P(r 1;2).
The (r; )-ordered pencils oP (r 1;2) constitute the set of verticess = (Ag; A1; 115 Am,)

is given only between each two vertices = (Ao; A1 :::;An,) and v0= (AJ; AY:::; AD)) that
satisfy the following three conditions, (where8. is implied by 1.-2. only if (r; ) =(3;1)):
1. Ao\ AJisa(  2)-subspace oP(r 1;2);

2. foreach1 i my, Aj\ APis a nontrivial coset ofF; mod (Ag\ A9) [f Og;

3. UMWv;VY=[T (AN A)isan (r 2)-subspace oP(r 1;2), (needed for ¢, ) 6 (3;1)).

Remarks. (a) Letv, be the lexicographically smallestr{ )-ordered pencil inG and let
u, be its lexicographically smallest neighbor i . Then:

vi=(1 :23:45:67); ui=(2 ;13:46;57); (U(v3;u3)=347);
vi=(1,23,45;67;89,ab;cd;ef); ul=(2;13;46,57;8a;9b;ce;d); (U(vi;ul)=3479 bcf);
v2=(123 ;4567;89ab;cdef); u2=(145 ;2367;89cd;abef; (U(v3:u3)=16789 ef ):



We de ne G, to be the component ofG containing v, .

(b) Foreach -subspacéeVN of P(r 1;2)andi 2 [1;m;]\ Z, there is a copy 0fTs.; induced
1)-subspace oW and
Ai = UnAy. Let us denote this copy ofTis: by [W;],. For example, the copies 0,3 in
G: incident to v; have three 4-vertex parts that can be presented verticallysafollows:

[123];
(1;23;45;67;89;ab;cd;ef)  (2;13;46;57;8a;9b;ce;d) (3;12;47;56;8b;9a;cf;de)
(1;23;45;67;ab;89;ef;cd)  (2;13;46;57;9b;8a;ce;d)  (3;12;47;56;9a;8b;de;cf)
(1;23;67;45;89;ab;ef;cd)  (2;13;57;46;8a;9b;cd;ef)  (3;12;56;47;8b;9a;de;cf)
(1;23;67;45;ab;89;cd;ef )  (2;13;57;46;9b;8a;cd;d )  (3;12;56;47;9a;8b;cf;de)

[145];

4
(1;23;45;67;89;ab;cd;ef)  (4;26;15;37;8c;ae;9d;bf)  (5;27;14;36;8d;af; 9c;be)
(1;23;45;67;cd;ef; 89;ab)  (4;26;15;37;9d;bf; 8c;ae)  (5;27;14;36;9c;be8d;af )
(1;67;45;23;89;ef;cd;ab)  (4;37;15;26;8c;bf;9d;ae)  (5;36;14;27;8d;bedc;af )
(1;67;45;23;cd;ab;89;ef )  (4;37,15;26;9d;ae;8c;bf)  (5;36;14,27;9c;af; 8d;be)

[167];
(1;23;45;67;89;ab;cd;ef)  (6;24;35;17;8e;ac;bddf )  (7;25;34;16;8f;ad;bc; 9e)
(1;23;45;67;ef;cd;ab; 89)  (6;24;35;17;9f;bd;ac;8e) (7;25;34;16;9e;bc;ad8f )
(1;45;23;67;89;cd;ab;ef)  (6;35;24;17;8¢e;bd;ac9f ) (7;34;25;16;8f;bc;ad; 9e)
(1,45;23;67;ef;ab;cd;89)  (6;35;24;17,9f;ac;bd;8e)  (7;34,25;16;9e;ad;bc8f )

[189];

4
(1;23;45;67;89;ab;cd;ef)  (8;2a;4c;6e;19;3b;5d;7f )  (9;2b;4d;6f; 18;3a;5¢c;7e)
(1;23;cd;ef; 89;ab;45;67)  (8;2a;5d;7f; 19;3bj4c;6e)  (9;2b;5c;7e;18;3a;4d;6f )
(1;ab;45;ef; 89;23;cd;67) (8;3bj4c;7f; 19;2a;5d;6e)  (9;3a;4d;7e;18;2b;5c;6f )
(1;ab;cd;67,89;23;45;ef )  (8;3b;5d;6e;19;2a;4c;7f )  (9;3a;5¢;6f; 18;2b4d;7e)

[1ab];
(1;23;45;67;89;ab;cd;ef)  (a;28;4e;6c;39;1b;7d;5f )  (b;29;4f; 6d;38;1a;7c;5e)
(1;23;ef;cd; 89;ab;67;45)  (a;28;5f; 7d;39;1b;6c;4e)  (b;29;5e;7c;38;1a;6d;4f )
(1;89;45;cd;23;ab;67;ef )  (a;39;4e;7d;28;1b;6¢c;5f )  (b;38;4f; 7c;29;1a;6d;5€)
(1,89;ef; 67,23;ab;cd45)  (a;39;5f; 6¢;28;1b;7d;4e)  (b;38;5e;6d;29;1a;7c;4f )

[1cdk];
(1;23;45;67;89;ab;cd;ef)  (c;2e;48;6a;59;7b;1d;3f )  (d;2f; 49;6b;58;7a;1c;3e)
(1;23;89;ab;45;67;cd;ef )  (c;2e;59;7b;48;6a;1d;3f )  (d;2f; 58;7a;49;6b;1c;3e)
(1;ef; 45;ab;89;67;cd;23)  (c;3f; 48;7b;59;6a;1d;2e)  (d;3e;49;7a;58;6b;1c;2f )
(1;ef; 89;67,45;ab;cd;23)  (c;3f; 59;7b48;7b;1d;2e)  (d;3e;58;6b;49;7a;1c;2f )

[1ef/];
(1;23;45;67;89;ab;cd;ef)  (e;2c;4a;68;79;5b;3d;1f )  (f; 2d;4b;69;78;5a;3c;1e)
(1;23;ab;89;67;45;cd;ef )  (e;2c;5b;79;68;4a;3d;1f )  (f; 2d;5a;78;69;4b;3c;1e)
(1;cd;45;89;67;ab;23;ef )  (e;3d;4a;79;68;5b;2c;1f )  (f; 3c;4b;78;69;5a;2d;1e)
(1;cd;ab;67;89;45;23;ef )  (e;3d;5b;68;79;4a;2c;1f )  (f; 3c;5a;69;78;4b;2d;1e)

For a second example of,s;, we note that the copies off 147 in G2 incident to v4 have vertex

sets:

[1234567]2 [1238@b,]2 [123%def,]2

(123;4567;89ab;cdef)

(123;4567;cdef; 89ab)
(145;2367;89cd;abef)

(145;2367;abef; 89cd)
(167;2345;89¢f;abcd)
(167;2345;abcd;89ef )
(246;1357;8ace;9bd )
(246;1357;9bd; 8ace)
(257;1346;8ad; 9bce
(257;1346;9bceBad )
(347;1256;8bcf; 9ade)

(347;1256;9ade;8hcf)
(356;1247;8bdePacf ) | (39a;47de;128b;56¢cf ) | (3de;478b;569a;12cf )

(356;1247;9acf; 8bde) | (39a;56¢f; 128b;47de) | (3de;569a;478b;12cf )
where each 2-vertex part is given contiguously in a column.

(123;4567;89ab;cdef)

(123;cdef; 89ab;4567)
(189;45cd;23ab;67ef )

(189;67ef; 23ab;45cd)
(1ab;45ef; 2389;67cd)
(1ab;67cd;2389;45ef )
(28a;46ce;13%;57d )
(28a;57d; 139b;46ce)
(29b;46d; 138a;57ce)
(29b;57ce;138a;46d )
(38b;47cf; 129a;56de)
(38h;56de;129a;47cf )

(123;4567;89ab;cdef)

(123;89ab;4567;cdef )
(1cd;4589;67ab;23ef )

(1cd;67ab;4589;23ef )
(1ef; 45ab;6789;23cd)
(1ef; 6789;45ab;23cd)
(2ce;468a;579b;13d )
(2ce;579b;468a;13d )
(2dF; 4690;578a;13ce)
(2dF; 578a;469b;13ce)
(3cf; 478b;569a;12de)
(3cf; 569a;478b;12de)
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(c) For each ¢ 1; 1)-ordered pencil Up; Us;:::;Uy,) of an (r  2)-subspaceU in

P(r 1,2), thereis a copy ofK 55 in G, (whereU, = ; incase =1)induced by the vertices
(Ao;A1; i1 Am,) Of G, havingA; U, forl i m;j. Let us denote this copy oK 5 by
[Uo; Ur; @115 Un,], - For example, the induced copies df g in G} incident to v} are:
1:2,4;,6;,8,a;c;d; =[2468acd}; 13,4, 7,8,b;c;f]} = [3478bcf]3;
[[;2,4,6,9,b;d;fl; =[246%d];; [;;3,47,9a;d;d} =[347%dd];
112,5,7,8a;d;f[} =[2578adf]}; [;;3;5;6;8b;d;d; =[3568bdd};
1125, 7,9;b;c;4;  =[257%cd};  [;:3;5,6;9 a;¢c;f]; =[3569acf];;

(where for =1 we may use the shorter notation that avoids writing; and the commas).
The induced copies oK 4 in G2 are:

[1,45,89 cd?; [2;46,8a;cd?; [3;47, 8b;cf]3;
[1,45 ab; ef]3; [2;46,90;d13; [3;47 9a;dd?;
[1,67,89% ef]3; [2,57,8a; 13 [3;56 8b;dds;
[1,67;ab;cd3; [2;57,9b;cds; [3;56 9a; cfli:

(1;23;45;67;89;ab;cd;ef) (;:2;4;6;8;a;c;€) (1;3;5;7;9;b;d;f)
(3;12;47;56;8b;9a;cf;de) (;;2;4;6;8;a;c;€) (3;1;7;5;b;9;f;:d )
(5;27;14;36;8d;af; 9c;be (;:2;4;6;8;a;c;e) (5;7;1;3;d;f; 9;b)
(7;25;34;16;8f;ad;bc; 9e) —  (;;2;4;6;8;a;c;e) (7;5;3;1;f;d;b; 9)
(9;2bi4d;6f; 18;3a;5¢c;7¢) —  (;;2;4:6;8;a;c;€) (9;b;d;f; 1;3;5;7)
(b;29;4f; 6d;38;1a;7c;5€) (;:2;4;6;8;a;c;€) (b;9:f;d; 3;1;7;5)
(d;2f; 49;6b;58;7a;1c;3e) (;:2;4;6;8;a;c;€) (d;f; 9;b;5;7;1;3)
(f; 2d;4b;69;78;5a;3c;1e) (;:2;4;6;8;a;c;€) (f;e;b;9;7;5;3;1)
wheref X;; g has constant columns and each one of its rows d$(Uy;:::; Un,) = (;;2,4;6; 8;

a;c;e, and whereY;; = A; nU;. The setsY;;, for each xedi 2 [2;m;]\ Z, form a

permutation of the top setsYy;. By just referring to the subindicesj 2 [0; m;1]\ Z of these
top sets Yy, to indicate the setsY;; ((i;j) 2 ([0;m;]\ Z)?) they represent, we see that
the array thesej form is a Latin square obtainable via induction steps on = r , here

indicated by arrows:

(1;2,3,4,5,6;7;8)
I (2;1,4,3,6,5:8,7)

(1;2;3;4) (3:4;,1;2,7;8,5;6)

J! J J+2 - (L2 (2:1,43) (4:3,2,1,8,7,5,4)
) J+2 J @ (3:4,1,2) - (4;5;7;8,1;2;3;4)
(4;3,2;1) (6;5;8;7,2;1,4;3)

(7:8,5,6;3;4,1;2)
(8:7,6;5;4;3;2;1)

whereJ is the square matrix or array thesg form, with 2 =2" rows, or columns. In this
way we have for example the copy [#5;89; cd]; of K4 in G3 expressible as follows:

(123;4567;89ab;cdef) (1;45;89;cd) (23;67;ab;ef)
(167;2345;89%f;abcd) — (1;45;89;cd) (67;23;ef;ab)
(1ab;45ef; 6789;23cd) ~  (1;45;89;cd) (ab;ef;23;67)
(1ef; 45ab;2389;67cd) (1,;45;89;cd) (ef;ab;67;23)
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(d) We aim to prove that G, is a homogeneou$ Ti; 9" 'f K 5g72-graph with m; = 2
1=2 Lmy = 2s(2 1)1 = FiV(G)ii 2 = (2 V(G and jV(G,)j =

T, @2 )= L@ 2T 1) = 0@R" YY), where T = [, Zlis
the number of di erent ( 1)-subspace®\, of P(r 1;2), known as one of the Gaussian
binomial coe cients. We start by establishing some propeties ofG .

Theorem 2.1 The graph G} = G} is a connected ultrahomogeneous 12-reguléK 493,
fK 2.2203,-graph of order 42 and diameter 3, withA (G1)j = 1008 = 4jE(G%)j: The edges of
G3 can be seen as the left cosets of a subgroupA (G}) of order 4, and its vertices as the
left cosets of a subgroup ok (G3) of order 24.

Proof. The lexicographically smallest path realizing the diameteof G} is (v3; ul; (4; 15
26;37); (1; 45,67, 23)), a 3-path. Now, a set of 16 generators of A(G3), that transforms 3 =
(v3;uld) = ((1;2345,67);(2;13,46,57)) into any arc (= ordered pair of adjacent vertices) of

Gi, is given by automorphisms; = ; ;= ; i, (i=1:::16), where
1=(23)(67) ; 2=(45)(67) ; 3=(13)(57) ; 4=(46)(57) ;
5=(12)(56) ; 6=(47)(56) ; 7=(15)(37) ; 8=(26)(37) ;
9=(14)(27) ; 10=(27)(36) ; 11=(17)(35) ;  12=(24)(35) ;
13=(16)(34) ; 14=(25)(34) ; 15=(A1A3); 16=( A2A3);

are 16 de ning equalities with their right hand sides interpeted as permutations expressed
in cycle notation, with the rst 14 items taken as permutations of P(2;2), the last two
items as permutations off A;; As; Asg, and ; ; taken as the corresponding identities, for
1 i 14,j =15;16. The permutations ; and ; are said to beA-permutations (term
de ned in general in Section 3 below) irP (2; 2) and P (1; 2), respectively, with each ; taken
as a permutation of the subindicek of the participating pairs Ay, wherek = 1;2;3. (This
point of view is extended in Theorem 3.6). The subgroup oA (G3) sending 1 onto itself,
either directly or inversely oriented, is generated bys 16 and s. is a subgroup of
A([123}), which is generated by 1; 2; 5; ¢ and 1. These ve automorphisms together
with 15 constitute a set of generators foA ([ &, [123]). The remaining automorphisms ;
take A([ 2,[123]) into nontrivial cosets in A(G3) by left multiplication. The subgroup of
A(G3) that xes vj has order 24 and is generated by

1, 25 4 16: 6 16, 8 15, 10 15, 12 15 16: 14 15 16-

Now, jA (Tes)j = 48 and JE(Tes)j = 12, agreeing withj j = 12122 = 4. Also, G} is the
edge-disjoint union of 21 copies Ofg3, SO it contains a total of 21E (Tez)j =21 12 =252
edges. Magma yieldgA (G3)j = 21jA(Te3)j = 1008, (with direct calculation left as an
alternative exercise). This is 4 times the number 252 of edgef GL. Its edges correspond
to the left cosets of in A(G}) and its vertices to the left cosets of the stabilizer o] in

A(G3), whose order is 24.

Theorem 2.2 G has order ' 2m1! and regular degreen;s(t 1). Moreover, G is uniquely
representable as an edge-disjoint union af,jV(G )js t * (resp. (2  1)jV(G )j) copies of
Tas:z (resp. Kys) and has exactlym; (resp. m, copies ofTisy (resp. Kys) incident to each
vertex, with no two such copies sharing more than one vertexdaeach edge o in exactly
one copy OfTs:t (resp. Kyg).



Proof. The number of ( 1)-subspacesCin P(r 1;2)is #F°= ' ,- Fora list of

the points of each such=° occupying the initial entry A, of a vertex v of G there arem;
classes modF°[ 0 that are permuted and distributed from left to right into the remaining
positionsA; of v. Thus, jG, j = (# F9m;! Each vertex ofG is the sole intersection vertex of
m; copies ofTis.¢, as seen in the previous examples. Since the degred@of iss(t 1), then
the degree ofG ism;s(t 1). The edge numbers ofs; and G are respectivelys?t(t 1)=2
and mys(t  1)jV(G )j=2 so thatG is the edge-disjoint union ofm;jV(G )js !t ! copies of
Tis:t. No other copies ofTis; existin G .

In order to establish the claimed properties of5,, we need to estimate its order and
diameter.

3 Order, diameter and C-homogeneity

An,) of G, alsowithAy= P( 2,2)=(0;2 )\ Z NotethatApfor =r  =2;3;4;:::
yields the set sequence; 123 1234567:: ..

3.1 Auxiliary graph H on A-permutation group V(H)

We consider the graphH induced in the square graph G, )? by the verticesw for which
Ao(w) = P( 2;2). Clearly, v, 2 V(H ). Moreover,H depends only on the di erence
=r . Furthermore, Diameter (G,) 2 Diameter(H ).

Consider the caser{ ) = (3;1). We write B; = 23;B, = 45;B3 = 67, independently
of the positions that these pairs may occupy in a vertex dfi, (= Ks.3). We assign to each
vertex v of H, the permutation that maps the subindices of the entriesA; ofv, (i =1;2; 3),
into the subindicesj of the pairs B; correspondingly lling those entriesA;. This yields the
following bijection from V (H;) onto the group K = S; of permutations of the point set of
the projective line P(1; 2), (with permutation expressed in cycle notation):

(1;23.45,67) | 123 | (1,23:67:45) | 1(23)
(1;45:2367) | 3(12) | (1:45:67;23) | (123)
(1;67;23;45) | (132) | (1,67:4523) | 2(13)

where each permutation on the right side of! "' is presented with its nontrivial cycles
written, as usual, between parenthesis and with the xed efeents expressed out of any pair
of parenthesis, for convenience of reference.

More generally, there is a bijection fromVv (H ) onto a group K of permutations of the
point set of P(  1;2). The elements oK , that we will call A-permutations are to be used
for an auxiliary notation for the vertices ofH . Thus, we denoteV(H ) = K. For example,
vV, 2 V(H ) is now invested as the identity permutationl = 123:::2 , with xed-point set
P( 1,2)=123:::2.

An ascending sequenc¥ (H,) V(H3) :::<V(H) :::of A-permutation groups
is generated via the embeddings :V(H ;)! V(H),( > 2),dened by () equal
to the product of the A-permutation of P( 2,2) P( 1; 2) times the permutation



obtained from by replacing each of its symbols by the new symbolm; i, with m,
becoming a xed point of ( ). Let us call this construction of ( ) out of the doubling
of . For example, 3:V(Hy)! V(H3z)) maps its domain as follows:

123 | 7123654 =1234567 1(23) | 71(23)6(54)=167(23)(45)
(123) | 7(123)(654)=7(123)(465) | 3(12) ! 73(12)4(65)=347(12)(56)
(132) | 7(132)(645)=7(132)(456) | 2(13) ! 72(13)5(64)=257(13)(46)

where each resultingA -permutation in V (H3) is rewritten to the right by expressing, from
left to right and lexicographically, rst the xed points an d then the remaining cycles.

The three A-permutations in V (H3) listed rightmost in the exempli ed assignment above
are of the formabdde)(fg), where ade and afg are lines ofP (3;2), namely: 123 and 145,
for 167(23)(45); 312 and 356, for 347(12)(56); 213 and 246r 257(13)(46).

A point of P( 1;2) playing the role ofa in a product of 2 2 disjoint transpositions,
as in the just cited rightmost A -permutations, is to be called thepivot of . For each point
a of P(2; 2), there are threeA-permutations in V(H3) having a as its pivot. For example,
the A-permutations in V (H3z) having pivot 1 are: 123(45)(67), 145(23)(67) and 167(23)%).

In general, for each ( 2)-subspaceQ of P( 1;2) and each elemena 2 Q, a (Q; a)-
transposition is de ned as a permutation pg such that there is a lineabc P( 1,2)
with bc\ Q = ;. Then, for each xed pair (Q; a), there are 2 2 (Q; a)-transpositions; their
product is an A-permutation in V(H ) that we call the (Q; a)-permutation, p(Q; a), with Q
as its xed-point set and a as its pivot.

The (Q; a)-permutations p(Q; a) in V(H ) act as a set of generators for the groud (H ).
In fact, all elements ofV(H ) can be obtained from the Q;a)-permutations by means of
reiterated multiplications.

3.2 Avertex J of H at maximum distance from I

For > 1, a particular elementJ 2 V(H )nV(H! ;) at maximum distance from| , (see
Theorem 3.1 below), is obtained as a produdt = p g with:

(A) p =p(Q;2 1), whereQisthe ( 2)-subspace oP(  1;2) containing 2 ! as well
as all of P(  3;2). For example

p. =2(13); ps =415(26)(37); ps =8123%M(4c)(5d)(6€)(7f);
ps = g123456Mijkimn (80)(9p)(ag)(br)(cs)(dt)(eu)(fv); pe=:::;

where hexadecimal notation, or its continuation in the Engsh alphabet, is used.
(B) g de ned inductively by o =3(12) andq+; = (pq), for > 1, where s asin
Subsection 3.1.

Initial examples of J , with products indicated by dots ', are

J2=2(13) 3(12)=(132);
J3=415(26)(37) 7(132)(645)=(1372456);
J4=81239ab(4c)(5d)(6e)(7f) f (1372456)(ec8dbad)=(137 f 248d6c5bade);
J5=9g1234567ijkimn (80)(9p)(aqg)(br)(cs)(dt)(eu)(fv)
(137f 248d6c5bade)(usogtrnipjgkimh )=
=(137 fv 248gt6codrakimhu )(5bnipes)(9jq):



3.3 Types of vertices of H and type-distance relation

An illuminating way of expressing eachv = J,; J3; J4; Js is with the accompaniment of an
underlying permutation u:

(132) | vy
(213) | u

(1372456) | v
(2456137) | u

(137f 248d6c5ba%e) | v
(248d6c5ba9e137f ) | u

(137fv 248gt6codraklmhu )(5bnipes)(9jq)
(248gt6codraklmhu 137fv )(es5bnip)(q9j )

\
u

where each symbob in u located under a symbolg, of a cycle @a; :::ac 1) of v belongs
to a line abha+; of P( 1;2), (with i +1 taken mod x). Each A-permutation v, like
for example J,; Js; J4; 5 now, will likewise be written with the accompaniment of a semnd
similar expressionu along a level underlying that ofv. In this context, we say that:

(@) b is adierence symbol (or ds), of v; (b) (kpby:::b 1) is the ds-companion cycleof
(apay:::ax 1); and (c) u is the ds-levelof v.

Each cycle @oa;:::ax 1) of J,;Js;J4; )5 was expressed by means of a pair of cycles,
(a0as:::ax 1) and (kpby:::b 1), one on top of the other, inv and u respectively. We
remark that in general these two cycles dier by just a shift & (kpby::: b 1) with respect
to (apas:::ax 1) in the amount of, say, y positions. These values of are, for our four
examples:J, :y=1; J3:y=4; J,:y=12; Js:y =16,3; 1.

For > 1, we de ne thetype (J ) of J as an expression showing the (parenthesized)
lengths of the cycles composing , each one subindexed with its corresponding, as just
conceived. For our four examples, we get:

2(J2) = (31); 3(J3) =(74); 4(Ja) = (1512) and s5(Js) = (21 16)(73)(31):

Let us see how theds notation given above can be extended to the elemenxQ);a)
of V(H ). For example, we express the two-level expressiofjsfor the (P( 2;2);1)-
permutationsv = p(P(  2;2);2);1) as follows, for = 3;4:

1234567(89)(ab)( cd)(ef )
1234567(11)(11)(11)(11)

\
u

123(45)(67) v
123(11)(11) ‘ u

where: (a) each xed point of v is repeated inu under its appearance irv; (b) ds-companion
x-cycles are well-de ned cycles only ik > 2; and (c) each transposition fpa;) in v has
degenerate ds-companion cyc{®h, wherebaa; is a line of P( 1, 2); here we say that the
pivot b dominateseach transposition &ya;).

We de ne now thetypesof the (P(  2;2);1)-permutationsp(P(  2;2);1) above as:

s(P(P(1;2);1)) = 5(123(45)(67)) = (1(2)(2)) = (1((2) ?))
4(p(P(2;2);1)) = 4(1234567(89)ab(cd)(ef)) = (1((2) %))

with the domination expressed in eacp((P(  2;2);1)) by a pair of parenthesis containing
the length, 1, of the pivotb = 1 followed by the (parenthesized) lengths of the cycles it
dominates. More generally, it is of the formp(Q;a) in V(H ), then, it the same fashion, it
makes sense to take its type to be (v) = (1((2) 2 *)):

This concept of domination will permit us to extend the initated notion of type of anA-
permutation. For example, the doubling provided by the emkadings :V(H 1)! V(H)



in Subsection 3.1 allows the expression of other types Afpermutations from Subsections
3.5 0n. For now, we dene thetypeol =12:::(2 1)=12:::mytobe (1 )=():

The following fact is used in countingA -permutations and determining the diameter of
H.

Theorem 3.1 The distanced(v;l ) in H from an A-permutation v to the identity | is
related to the cardinality of the xed-point set~, of vin P(  1;2) by means of the equation

log,(1 + jFyj) + d(v;1 ) = (1)

Proof. | hasjF j =2 1 = m,, so (1) holds forl because logl + (2 1)) =
Adjacent to | are the element$(Q; a), which have 2 * 1 xed points, so (1) holds for the
vertices at distance 1 froml . Successively, the vertices at distance 2 from have 2 2 1
xed points, etc., until inductively the A-permutations in V(H ) have no xed points, (J
included), and are at distance from | , so they satisfy (1), too.

3.4 Two-line notation for J

Another way to look at J is in its two-line, or relation, notation:

J = — 123 . 1234567 . 12345678%bcdef . 12345678%bcdefghijkimnopgrstuv .
312 ' 3475612 ' 3478bcfde9a5612 ' 3478bcfgjknorsvtupgimhide 9a5612 !’

for =2;3;4;5, respectively. The lower levels here have the following toern. Each symbol
pair in the following list L:

12 34 56, :::; (21 1)(2); i 2"t 3t 2);

is alternatively placed in the level , below the 2 ! position pairs (2 1)(2i) of contiguous
points 6 2 1, according to the following instructions:(a) place the starting pair ofL in the
rightmost pair of still-empty positions of and erase it fromL; (b) place the new starting
pair of L in the leftmost pair of still-empty positions of and erase it fromL; (c) repeat
(a) and (b) alternatively until the point m; =2  1is left alone inL; (d) placem; =2 1
inthe (2 ! 1)-th position of , that remained empty. Now, looks like:

347841 1D@i)::@" 1 5" 1 HEr" 1 pETl QR 1 2):n@i+1)(4i+2) 5612

and can be expressed by means of the functibnde ned by:

f (2i) = 4j; (i=1;:52 2 1)
f2i 1) =4i 1, (i=1;:2 2 1)
f(2 2i+1) =4i+2; (i=1;252 2)
f(2 2I) = 4i+1; (i:l;:::;z 2);
fe 11 =2 L

3.5 The other types at distance from |

The leftmost 2 ' 1 symbols of forma (  2)-subspace of P( 1,2). Let z(j) =
p( ;f(j)) 2 V(H ) having xed-point set and pivotf(j)2 ,wherej =1;:::;2 1 1.
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We remark that the productsJ :z(j), (j =2;4;6;:::;2 * 2), yielding each a permu-
tation w (j) = J :z(j), are at distance from | and yield pairwise di erent new types. We
also remark that successive powers of these permutatiows(j ) must be checked in order
to obtain the remaining types at distance from | . We exemplify these observations for
r=3;4,5.

First, ws(2) = J3:z(2) = (1372456)437(15)(26) = (1376524) which is a 7-cycle with
ds-companion cycle switched two positions to the right, thawe indicate by de ning type

3(w3(2)) = (7 2). Summarizing this, we have:

w3 (2) (1376524)
ds level || (2413765)
type (72)

Moreover, 3(wz(2)) = 3((Ws(2))?) = :::= 3((Ws(2))®) = (7,), but (w3(2))” is the identity
permutation, whose type is (1). So, taking powers a¥3(2) did not contribute any new types.
For =3, an extension of takes place, in which the domination of a transposition by
its pivot extends to the domination of a cycle by another cyel (more examples in Subsection
3.6) indicated parenthesized as in Subsections 3.2-3. A sia case of this, present in the re-
maining examples of this section, is with &;-cycle C; dominating a c,-cycle C, which in turn
dominates acs-cycle Cs, and so on, until ac,-cycle C, dominatesC,, so that a super-cycle

conceived as@ (cx(cs(:::(c(y) ::2))))), where y, appearing as a subindex between the inner-
most parenthesis, is obtained by alignin@,, C,, :::, Cx and their respective ds-companion
cyclesDy, Dy, :::, Dy so that each dominated ds-companion cycle;.; is presented in the

the ds-companion cycle o€, with respect to its dominating cycleC,.
Values ofwy(j ) and types 4(wu(j)), for j = 2;4;6, are as follows:

j 2 4 6
{N4(j) (5be)(2489ad)(137f 6¢) | (2485b)(137fa)(cde96) | (137feda5b6c9248)
ds level || (ebb)(6c137f)(2489ad) | (6cde9)(2485b)(137fa) | (248137feda 5b6c9)
type (31)(6(6(0))) (5(5(5(1))) (153)
Powers ofw,(2) yield new types:
i 2 3
(wa(2)" || (5eb)(28a)(49d)(176)(3fc) | 5(8d)(36) b(29)(7 c)e(1f )(4a)
ds level || (I55€)(a28)(d49)(617)(c3f) | 5(55)(55) b(bb)(bb)e(ee)(ee)
type (31)° (2 2)3

The type (3;)° here still represents a permutation at maximum distance, 4,om | 4. However,
the type (1((2)?))2 has distance 2 froml 4. Subsequent powers of these,(j), (j = 2;4;6),
do not yield new types of elements o¥ (Hj).

We present theA-permutationsws(2i), (1 i 6), and their types:

ws(2) = (137 fv 6co9ju 5bnmlit 248gpakhqgdres) 5(ws(4))= (31 19);
ws(4) = (137 fvaktesdr 248glu9jihmp 6cao5bnq) 5(ws(2))= (31 13);
ws(6) = (137 fves 9jmtakp 248ghilg Sbnudr 6co) 5(ws(8))= (31 138);
ws(8) = (137 fvi 9jak 5bn248gdrgpuhesl6cotm) 5(ws(6))= (31 17);
ws(10) = (137 fvm 5bn6copqtidrul 248g9jeshak ) 5(ws(12))= (31 12);
ws(12) = (137 fvgh 6colestupm 9j 248g5bnakdri ) 5(ws(10))= (31 11);

no new types are obtained from theswis(2i) by considering their powers.
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3.6 Types at distances < from |

We remark now that forj =1;3;:::;2 1 1, the elementsw (j) = J :z(j) of V(H ) are
at distance 1 from | and provide pairwise di erent new types. We also remark thatf
successive powers of these (j) are taken, they must be at distancesx 1 froml and
may provide new types ofA -permutations. We exemplify these observations for = 3; 4; 5.
First, we have:

1 3

{Ng( i) 5(246)(137) | 6(24)(1375)
ds level || 5(624)(246) | 6(66)(2424)
type (313) (12(4))

The square ofws(1) still preserves its type. However, Ws(3))? = 624(17)(35) = p(624; 6).
Thus, 3((ws(3))?) = (1((2) ?)): Also:

j 1 3

{N4 (D] a(6c)(248e)(137f )(b9d5) | 9(248aebc)(137f 5bd)

ds level || a(aa)(6c6c)(248€)(248e) | 9(6¢248ae)(248ae6e)
type 1E@ ) (73(7)

j 5 7

{N4 i) d(2486cea)(137f 95h) e(5b)(6 ca)(248)(137fd 9)
ds level || d(6cea248)(2486¢cea) e(ee)(cab)(6ca)(248248)
type (75(7)) (12)NE (36N

By taking the squares of these permutations, we get thatv(3))? and (w,(5))? preserve the
respective types ofv,((3)) and wy(5), while w4(1) and wy(7) yield:

j 1 7
(wa(i))? || a(28)(4e)6(17)(bd)c(3f )(95) | e5h(6ac)(284)(17 d)(f 93)
ds level || a(aa)(aa)6(66)(66) c(cc)(cc) | edb(c6a)(6ca)(6ca)(6ca)

type 1@ 2)® (31((3)3)

The rst one of these two types, (1((2))3, was seen in Subsection 3.5. Finally:

ws(1) I(akmiq )(jpdr 9)(6 coes)(nht 5b)(248gu)(137fv ) type:

ds level | 1(u248g)(akmiq )(akmiq )(6 coes)(6 coes)(248gu) EOEEEESIEM)
ws(3) m(d r )(6coakiu)(248gqge9(137fv 5bnlhp 9jt ) type:

ds level | m(mm)(akiu 6co)(6coakiu)(248gge248gges @@)(T 4(7(14))

ws(5) i(es)(5bnp)(aku)(6c0)(248gmq)(137fv 9jhltdr )

t :
ds level | i(ii)(eses)(uak)(uak)(6cobco0)(248gmg248gmq) ()1?5(4)))(3(3(6(12))))

ws(7) h(248gimuesakq 6¢0)(137fvd r 5bnt9jIp) type:

ds level | h(6co248gimuesakq )(248gimuesakq 6co) (153(15))
ws(9) q(9j )(6 couiak )(248gesm)(137fvhd rptl 5bn) type:
ds level | g(qq)(ak6coui )(6couiak )(248gesm248gesm) @@)(7 2(7(14))

ws(11) p(esi)(5bn)(6 cogum)(rth 9jd )(248gak )(137fvl) Type:
ds level | p(ies)(esi)(ak248g)(6 coqum)(6coqum)(248gak) (3(3))(6((6)(6(6))))

ws(13) t(248g6comakesuqi)(137fvpldrh 5bn9j) type:
ds level | t(6comakesuqi248g)(248g6comakesuqi) (1511 (15))

ws(15) u(ak)(6coi)(248g)(sgme)(137fvtph )(bndrl 9j 5) | type:
ds level | u(uu)(akak)(6coi)(6coi)(248g248g)(sqgmesgme) | (1(2(4(8)4(8)))
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3.7 Asetof V(H 1)-cosetrepresentatives in  V(H )

The objective of this subsection is to establish a set of reggentatives of the cosets of (H )
mod V(H ;). First, we dene atype °= (v) of certain verticesv 2 V(H ):

2 =(1(2)) ; Q =(1(2(4((4(8(16))) 2))) ;

g =(1(2(4))) ; ¢ =(1(2(4((4(8(16((16) 2)) ) ;

i =(12(4(® 2)))):; 5 =(1(2(4((4(8(16((16(32)) 2)))2))) ;

9 =(1(2(4((4(8)) 2); 9 =(1(2(4((4(8(16((16(32(64)))  2))) 2)))) ;
% 1 =(1Q( @z hm)); Ssr1 =(L2( (225 1(225((225)2)) 1) ;

& =A@z 1EE)m); S, =AR(::(225 1(225((225(225%1))2) )

for any s > 0. Consider for example :

1(vu)(2t3s)(46r0)(57 gp)(8 cah9dbg)( ni Ifmjke )
1(11)(vuvu)(2t3s)(2t3s)(46ro46ro )(57gp5 7qp)

Besides the speci ed dominations, we observe the presenderalated lines: In a generic
A-permutation of this type, say

ao(loby) (CpC1C2C3)(dod:dods) (€per€€3)(f of 1f of af 4f 5f 6 7) (001020304 T506T7) ;
those additional lines are:

apCoCz; agCiCs; lpdody; ydids; yeper; biejes;
aof of 45 afofs; aofafe; @ofsfz; @00Os; @0oOs; @006 00397
fodo; bif101; ofo0; sfs0s; ofas; bifsgs; ofeds; bif 707

that can be interpreted as additional dominations to help invisualizing the form of the
A-permutations in the forthcoming selection of coset represtatives.

The claimed set of representatives of the cosets\6{H ) mod V(H ) is set as follows,
in ve di erent categories (a)-(e), where each categoryly) and (d) admits two subcategories
subindexed and , and (Q; a)-permutations p(Q; a) are as in Subsection 3.1:

(a) the identity permutation | ;

(b) a (Q;a-permutation p(P(  2;2);a), foreacha2 P(  2;2) taken as pivot; e.g.

123(45)(67) 1234567(89)(ab)(cd)(ef ) | 5123467(8d)(9c)(af )(be)

=3 | 231(46)(57) =4 | 2134567(8a)(9b)(ce)(dF) | 6123457(8e)(9f )(ac)(bd)

312(47)(56) 3124567(80)(9a)(cf )(de) | 7123456(8f )(9e)(ad)(bc)
4123567(8c)(9 d)( ad)(bf)

(b)) thosep(Q;a) whereQ isa( 2)-subspace containing pivoa= m; =2 1; eq.

716(25)(34) f 123cde(4b)(5a)(69)(78) | f 2578ad(1e)(3c)(4b)(69)
=3 | 725(16)(34) =4 | f 145abe(2d)(3¢)(69)(78) | f 3478bo(1e)(2d)(5a)(69)
734(16)(25) f1678%(2d)(3c)(4b)(5a) | f 3569ac(1e)(2d)(4b)(78)

f 246%d(1e)(3 ¢c)(5a)(78)
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(c) a (Q;a)-permutation p(Q;a), for eachx 2 P(

2;2), whereQ is (

2)-subspace

with m; x 2Q P( 1,2)nfm;g, anda= m; X is pivot; e.g.
415(26)(37) 8123%ab(4c)(5d)(6e)(7f) | 81459%cd(2a)(3b)(6e)(7f)
514(27)(36) 91238ab(4d)(5¢)(6f )(7e) | 91458cd(2b)(3a)(6T )(7€)
=3 | 624(17)(35) =4 | al238%(4e)(5f)(6¢c)(7d) | c14589d(2e)(3f )(6a)(7b)
426(15)(37) b1238%(4f )(5€)(6d)(7c) | d14589%c(2f )(3e)(6h)(7 a)
536(14)(27) 3% :::
635(17)(24)
(d ) atype ©° A-permutation , for each (  3)-subspaceX of P( 2;2) and each

(d)

(e)

The representatives of the cosets &f (H ) mod V (H

X 2 P( 22)nX,whereX = fm; x3x 2 X g, selected as follows: the
only xed point of such is the smallest point in X ; the only 2-cycle of , with
(m; x )asds, containsn; x )and dominates a 4-cycle containingn,; subsequent
pairs, quadruples,. : : 25-tuples : : : of intervening 4-cycles, 8-cycles, : ;25" -cycles,:: .,
respectively, have the rst 2*1-cycle ending with the smallest available point oX |,
fors=1;2;:::; e

X

\\3\3\ | ¢ | R N H
1 |6 [4 |6(42)(7315) || 123 | edc | 8 | c(84)(T 73b)(a521)(69ed)
1 |6 |5 |6(53)(7214) || edc | 123 | 9 | ¢(95)(f 63a)(421)(78ed)
2 |5 |4 |5(41)(7326) || 123 | edc | a | c(ab)(f 539)(8721)(4bed)
2 |5 |6 |563)(7124) || 123 | edc | b | c(b7)(f 438)(9621)(5aed)
3 |4 |5 |A451)(7236) || 145 | eba | 8 | a(82)(f 75d)(c341)(69eh)
3 4 6 4(62)(7135) : o B

atype °A-permutation
X of P(

, for each pointx of P( 2;2) and each (  3)-subspace
2;2)nfx g, selected as follows: the only xed point of is the smallest
2gnX ; the only 2-cycle of , with x as its ds, contains
x and dominates a 4-cycle containingny; subsequent pairs, quadruples,: : 25-tuples

.. of intervening 4-cycles, 8-cycles;::;25*1-cycles, :::, respectively, have the rst
25*1 _cycle ending with the smallest available point oK , fors=1;2;:::; e.g.

el Y L S |
1 2;5; 4 4(15)(7632) || 1 246;db9;ca8 | 8(19)(fe 76)(2d34)(a5bc)
1 (345 5(14)(7623) || 1 || 257;da8;ch9 | 9(18)(fe 67)(2035)(bdac)
2 1;6; 4 4(26)(7531) 1 347:cb8;da9 | 9(18)(fe 67)(3c24)(a5hd)
2 3,4,6 6(24)(7513) || 1 356;ca9;db8 | 8(19)(fe 76)(3¢c25)(b4ad)
3 165 5(36)(7421) || 2 || 145,eba;c98 | 8(2a)(fd 75)(1e34)(96bc)
3 2,56 6(35)(7412) || =i || nn o o
(2 ' 1)2 ? 1)A-permutations oftype °with: xed point equal to each point of
P( 2 2); 2-cycle containingm; main dominating 4-cycle starting: at the smallest

available point, for 2 2 of these , if
2 4 of the remaining , not yet used in , if

3; at the next smallest available point, for
4, etc.; remaining dominated 4-cycles,

8-cycles, etc., if applicable, varying with the next availale smallest points; e.g.
1(76)(2435) 1(fe)(2d3c)(46b8)(57a9) | 2(fd )(1e3c)(45b8)(679a)
H =3 | 2(75)(1436) || =4 | 1(fe)(2d3c)(649a)(758h) | 2(fd )(1e3c)(54a9)(768h)
3(74)(1526) 1(fe)(4b52)(26d8)(37c9) | 2(fd )(4b69)(15e8)(37ca)

1) presented above will be called the

selected coset representatives V (H ).
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pondence with the cosets ®(H ) modV (H ;) they determine. Thus, they can e ectively be
referred without confusion as "selected coset represemtas’ of V(H ). Moreover, each such
coset has the same numbét (x) of A-permutations of each type , included its associated
selected coset representative among possibly otieipermutations of its type. Thus, the
distribution of types in a coset ofV(H ) modV(H ;) generated by arA-permutation in x
depends solely om.

Proof. The selection of the ve categoriesd)-(€) is e ective in producing speci ¢ represen-
tatives of distinct classes o/ (H ) mod V(H ), because the symboin, =2 1 is placed
once in each strategic position, while we set the remainingtees and di erence symbols to
yield tightly di erent situations, and yet covering each ceet just once. On the other hand,
the representatives in each category are equivalent withgpect to the structure of the cosets
of P( 1;2)modP( 2;2) that yields the classes o¥/(H ) mod V(H ;). Thus, each of
these cosets has the same number of representatives, in matar in each type .

3.8 Simpli ed types and properties of G,

The simpli ed type (v) of an A-permutation v of V(H ) is de ned by writing from left to
right the parenthesized cycle lengths of (v) in non-decreasing order, (no dominating paren-
thesis or subindices now), with the cycle-length multiplities > 1 expressed via external
superscripts. This will allow us to write the cycle lengths fothose °=  (v) corresponding
to the types = (v) of Subsection 3.7 as products of prime powers between patesis
that distinguish the resulting exponents from the externamultiplicity superscripts. For the
identity permutation, we agree that (I )= (1:::(2 1))= (1:::my)=(2).
We present tables, following this paragraph, that exemplfthe assertion of Theorem 3.2

by means of simpli ed types, for = 2;3;4;5. In each table, the header row indicates: a
rst column for the di erent existing simpli ed types ; a second column for the common
distance D of the A-permutations of each of these to | , according to Theorem 3.1; a
subsequent column for eaclkx 2 f (a);:::;(e)g; and a nal column ,, whose meaning
is explained below; the second, auxiliary, row indicates ¢hnumberN (x) of cosets (as in
Theorem 3.2) in each category; each remaining row but for the last one contains, in column
X, the number of selected coset representatives 6{H ) in x with a speci ¢ simpli ed type

, SO it is denotedrow ; the nal column ,, contains inrow the scalar product of the
5-vectors

(row (a);row (b);row (c);row (d);row (€)) and (N (a);N (b);N (c);N (d);N (e));

the sum of the values of column ., yields the order ofH , placed in the lower-right corner.

> | D CRCHCHONMCOINS
N2(x)|| 1 2 6
v |lo 1 1
@ |1 1 1 3
@) |2 1 2
col 2 2 6
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3 |D @M@ [@)]©E)] .
Na(x)|| 1 6 6 12 |3 28
1) 0 1 1
22 1 3 2 1 21
(3)2 2 2 2 1 3 56
@@ | 2 2 2 1 2 42
) 3 2 2 4 48
col 6 6 6 6 168
4 D @ (D] |)](E] .
N4(x)|| 1 14 |28 |5 |21 120
(@) 0 1 1
(2)4 1 21 | 4 1 105
)¢ 2 6 3 2 210
(2)2(4)2 2 42 |30 |12 |6 6 1260
(3)* 2 56 |24 |6 10 1120
2)(4) 3 3 24 |24 |18 |24 | 2520
2)(3)%6) || 3 32 |26 |30 |24 3360
(7)2 3 48 |48 |48 |48 | 48 5760
(3)(6) 2 4 12 |18 |16 | 1680
(5)3 4 12 |12 |16 1344
(15) 4 24 |24 |32 2688
(3)5 4 2 112
col 168 | 168 | 168 | 168 | 168 || 20160
5 D @ |[(B |[(© |[(d |(e row
Ns(x)|| 1 30 120 240 105 496
(@) 0 1 1
(2)8 1 105 8 1 465
()2 2 210 | 84 21 12 6510
(2)4(4)4 2 1260 | 308 56 28 20 26040
©N 2 1120 | 224 28 36 19840
(2)2(4)6 3 2520 | 1848 | 672 504 504 312480
(2)2(3)4(6) 3 3360 | 2464 | 812 | 756 | 756 416640
(74 3 5760 | 2688 | 896 896 640 476160
(2°@* 3 504 | 210 |84 168 78120
(3)2(6)4 4 1680 | 1680 | 1512 | 1848 | 1488 || 833280
(5)° 4 1344 | 1344 | 1344 | 1344 | 1344 || 666624
(15)2 4 2688 | 2688 | 2688 | 2688 | 2688 || 1333248
(31 4 112 | 112 |56 168 | 48 55552
(2)(7)2(143 4 3072 | 3072 | 2688 | 3072 || 1428480
(2)4)3(®) 4 1344 | 1344 | 1176 | 1344 || 624960
(2)(3)2(4)(6)(12) || 4 1792 | 1624 | 1736 | 1600 || 833280
(3)(M)(21) 5 1792 | 2176 | 2048 || 952320
(31) 5 4032 | 4032 | 4608 || 1935360
col 20160 | 20160 | 20160 | 20160 | 20160 || 9999360

The doubling provided by the embeddings : V(H) ! V(H ) of Subsection 3.1
happens in several places in these tables. If we indicate by the map induced by  at the
level of simpli ed types, then we have: 3((2)) = (2) % 3((3)) = (3) ?, etc. In fact, all the
simpli ed types of V(H ) appear squared invV(H ).

The A-permutations of type °yield simpli ed types © as follows:

2 =@ e =) 3(8)2(16)?;
3 = ; § =@ 2©216)°;
p =) 3 s =(2@) 3(8)2(16)°(32)%;
¢ =@ @2  §



s = QRS sis =( QRPN
0 =( g)(zzs)fﬂs; SM =( g)(225)35(225+1 )25(225+2 )25;

fors 2 mod 4.

Theorem 3.3 letV = _2@2 (2 1)) and let N%x) be the number of selected coset
representatives ofV (H ) with simplied type ©°in categoryx 2 f (a);:::;(e)g. Then, for

> 2t holds that: 1. N%a) =0; 2. N9 = N% ) = N%e) =2 2v;3. NYd) =
(2 2 1)V:

Proof. The corollary follows by inductively counting the selecteccoset representatives of
V(H ) with simplied type © in categories @)-(€), starting from its values in the given
tables, for =2;3;4,5;: .

Corollary 3.4 Categories(a)-(e) are composed by selected pairwise disjoint coset represen-
tatives of V(H ), yielding a partition of V(H ) modV(H ;).

Proof. For > 2, the corollary follows from Theorem 3.2 with distributionas in Theorem
3.3 for the vertices of type ©, or simplied type ©°. Note the corollary also holds for = 2.
The statement can be checked out alternatively by means of étA -permutation (J )2
(obtained via the doubling, Subsection 3.1, of ; in V(H )) and those selected coset repre-
sentatives ofV (H ) with its type, yielding alternative simpli ed types 9°=(3)2, 3°=(7)?,

0= (15)2, 2= ((3)(7)(21)) 2, :::. In this case, by de ning N°¢x) as N%x) was in
Theorem 3.3, but with %instead of °, we get uniformly that N°%x) = 2 2V, where
x 2f(a);:::;(e)g. This covers all the classes of (H ) mod V(H ;) and again implies the

statement.

Theorem 3.5 The following properties of the graph&, hold for landr +2:
A VGi= " Ve= LG L@@ )= L@@ 1)

(B) G, issmy(t 1)-regular;

(C) The diameter ofG, is 2r 2, with equality in case =1.

Thus, order, degree and diameter 0B, are respectively:O(2( D%): 02" ) andO(r 1):

Proof. Item (C) is a corollary of Theorem 3.1. Item (B) can be deduceffom the de nition
of G,. Recall that N (x) is the number of cosets (as in Theorem 3.2) in each category

shows that:(a) N (a)=1; (b) N (=22 ! 1);(c) N(c)=2 22 ! 1);(d) N (d)=
2N (c); (&) N(e)=(2 2 1)(2 ' 1). Each coset in these categories contains exactly
jV(H 1)j A-permutations. By induction, we getjV(H )j = V 4. SinceG, is the disjoint
union of ' , copies ofTy, item (A) follows. Finally, we have that jV(G,)j = O(2 %,
since (2 1) ' , andjV(GhHj = (2" 1) (2 Y2 1)) = O(2" 4tz w1 2) =
O(2r ¥(r 2 D) which is 02 Y°):

Theorem 3.6 G, isanm;s(t 1)-regular homogeneoubTs; 9" ' f K 25" ?-graph which is not
ultrahomogeneous if and only ifr; ) 6 (3;1). Moreover,G, = G ifandonlyif =r 2
In this latter case, G ,, is f K4g-ultrahomogeneous.
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Proof. Theorems 2.2 and 3.5 help to establish the counting part of ¢hstatement. Also,
the argument in the proof of Theorem 2.1 is adapted by replawy its permutations ; and
j by A-permutations of P(r  1;2) and P( 1; 2), respectively, where each symbd in
the A-permutations of P( 1;2) must be replaced byAy (in a way that generalizes the
notation of Theorem 2.1 for the present general context). Tk yields, for each automorphism
2 A(G,), a permutation of the positions of the nontrivial cosets of; mod Ay [f Og

and a permutation of P(r 1;2) such that =
From the remarks provided between the de nition ofG and Theorem 2.1, it can be
readily checked that for ¢; ) 6 (3;1) there are automorphlsms of the copy ofs: in G,

that contains the edge , = v, u,, even xing v, and u,, which cannot be extended to
automorphisms ofG,. A similar conclusion holds forK s provided = r 2, for which
KZS = K4. D

Remarks. It can be seen thatG, is the Menger graph [1] of ajiV (G, )jm,; (12)2s) con gu-
ration whose points and lines are the vertices @, and the copies oK 5 in G, , respectively.
For example, G2 is the Menger graph of a (210;63Q,) con guration. However, if =1
then jV (G, )jm, = (l2)2s, the said con guration is self-dual and the Menger graph cocides
with the corresponding dual Menger graph.
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