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Abstract

Edge (5, 3)-colorings of a (5, 3)-regular bipartite graph relating 5-
cycles and vertices of the Petersen graph lead to solutions of the Great
Circle Challenge. This takes, for odd n = 2k + 1 > 1, to a canonical
1-1 correspondence from the family of n-cycles of the complete graph
Kn onto the family Ck of n-cycles of the odd graph Ok+1 and onto
the family of their pullback 2n-cycles in the middle-levels graph on n
symbols. It also takes, for odd ℓ such that 3 ≤ ℓ ≤ ⌊n/2⌋, to a graph
Γℓ

k having Ck as vertex set and an edge between any two vertices if the
symmetric difference of the n-cycles they represent is an ℓ-cycle. This
yields a total of k − 1 graphs Γℓ

k on Ck possessing pairwise orthogonal
1-factorizations, so their union is a 1-factorable graph with n(k − 1)
1-factors.

1 Introduction
The Great Circle Challenge (or GCC), whose aim is constructing a skeleton
for the partition of the 3-sphere into fundamental domains of the full icosa-
hedral group, is presented in terms of a (5,3)-regular bipartite graph that
relates vertices and odd-permutation cycles of the Petersen graph, consid-
ered as vertices of respective degrees 3 and 5. This takes to solutions of the
GCC given as edge (5,3)-colorings inducing proper colorings of the degree-
3-vertex set and the degree-5-vertex set. Among these (5,3)-colorings, there
exists one which is symmetrically reversible in the sense that the interior and
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exterior of this hollow-sphere puzzle can be exchanged, reversing the order
in which the pieces are assembled.

Our approach takes, for 1 < n = 2k + 1 ∈ Z, to the determination of
a canonical 1-1 correspondence from the family of n-cycles of the complete
graph Kn onto the family Ck of n-cycles of the odd graph Ok+1, [1], and
onto the family of their pullback 2n-cycles in the middle levels graph of the
n-cube. This allows to define graphs whose vertices represent the n-cycles of
Ok+1 with adjacency between any two vertices whenever: (1) the two n-cycles
they represent have just one edge in common; (2) the symmetric difference
of these two n-cycles yields a 2(2ℓ+ 1)-cycle, for each 1 ≤ ℓ < k.

Case (1) yields just one graph in which each vertex is perfectly colored,
in the sense that there is a 1-1 correspondence between its common-edge set
and the edge-color set In = {1, 2, . . . , n}, for example for n = 5 (or k = 2), a
graph with subjacent 2K6.

Case (2) yields k − 1 canonically 1-factorable graphs on the common
vertex set Ck, whose 1-factorizations are pairwise orthogonal. Thus, their
graph union yields a 1-factorable graph with n(k − 1) 1-factors.

2 The Great Circle Challenge
The Great Circle Challenge, or GCC, is a 3-dimensional puzzle by Ikoso Kits
(available at PhysLink.com) formed by sixty curvy, elongated and sporadi-
cally indented plane pieces of plastic material to be called the GCC-pieces

and that must be assembled into a skeleton of fifteen pairwise congruent
spherical annuli whose external borders span fifteen corresponding great cir-
cles of a hypothetical sphere S, with the intersections of those great circles
splitting S into 120 pairwise congruent spherical triangles whose internal an-
gles are 90◦, 60◦ and 36◦. Such a skeleton constitutes a solution to the GCC.
(In fact, the full icosahedral group has order 120; it is the largest finite group
of symmetries of S, with fundamental region that can be taken as any of the
120 mentioned spherical triangles, so that the borders of these 120 triangles
constitute the mentioned skeleton).

Each one of the fifteen annuli must be contained in the convex hull of its
bordering great circle. An annulus can be assembled out of four GCC-pieces.
Each GCC-piece distends a little bit more than a quarter of an annulus, just
enough to fasten four of them into an annulus. These pieces are essentially
similar, except for external and internal indentations, present approximately
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Figure 1: Types of semicentral indentations

at one-third (that is, one-twelfth of an annulus) from their ends.
The sixty GCC pieces can be subdivided into five groups of twelve pieces

each. Each such group can be assembled, inserted and rotated by means of
pins, holes and indentations near the ends of each GCC-piece, into a partial
skeleton composed by three pairwise orthogonal annuli. Our first problem is
to make the subdivision into such five groups adequately in order to be able
to assemble the five resulting partial skeletons conjointly into a total skeleton
as desired.

The mentioned indentations at one-third of the ends of a GCC-piece,
will be called semicentral indentations. They span an angle of 30◦. The
semicentral indentations are of two different types: one (nearer to an inter-
nal normal indentation) that allows to assemble five GCC-pieces (with the
five indentation forms of this type represented schematically in Figure 1 as
rectified GCC-piece sections 1,2,3,4,5) so that their exterior borders form
the intersection of five great circles determining ten angles of 36◦ each; the
remaining type (nearer an external normal indentation) allows to assemble
three GCC-pieces (with the three indentation forms of this type represented
schematically in Figure 1 as rectified GCC-piece sections a, b, c) so that their
exterior borders form the intersection of three great circles of S determining
six angles of 60◦ each.

As a result, three types of intersections are present between the formed
annuli, with the corresponding external great circles intersecting (locally)
at a point in each of the three cases. Each of these three types receives
a name, I(p), representing an intersection of p GCC-pieces whose external
borders extend to p corresponding great circles. This determines 2p angles
of (360/2p)◦ at the intersection point, as well as at its antipodal point in S,
(because the intersection points appear in pairs of antipodal points).

There are: (1) twelve intersections of type I(5), (2) twenty intersections
of type I(3) and (3) thirty intersections of type I(2). These numbers reflect
the numbers of faces, edges and vertices of the regular dodecahedron.

As Figure 1 suggests, the semicentral indentations are provided in or-
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der to position the GCC-pieces at distinct levels from the inside out: There
are five, (three), indentation forms for I(5), (I(3)), denoted by the symbols
1,2,3,4,5, (a, b, c), as in Figure 1, with symbol 1, (a), representing an inden-
tation form going deepest in S, so that it must be assembled first; symbol 2,
(b), representing an indentation one-fifth, (one-third), less in depth that the
one represented by symbol 1, (a); and so on until symbol 5, (c),representing
an indentation to be assembled in the external level, reaching the sphere S.

The GCC-pieces are of seven types. Combining the numbers and letters
denoting their semicentral indentations, we indicate these types as:

1a, 2a, 2b, 3b, 4b, 4c, 5c,

(but in the actual puzzle, they are imprinted with respective symbols 1, 2a,
2b, 3, 4a, 4b, 5, respectively). The following numbers of GCC-pieces are
given:
1. Twelve GCC-pieces for each of the types 1a, 3b, 5c.
2. Eight GCC-pieces for each of the types 2a, 4c.
3. Four GCC-pieces for each of the types 2b, 4b.

In sum, there are twenty indentation sections respectively for each of the
literal types a, b, c, and there are twelve indentation sections respectively for
each of the numerical types 1, 2, 3, 4, 5.

The problem posed by the GCC is: How to assemble the 60 GCC-pieces
in order to build up the partition (or spitting) of S into 120 triangles as
specified above?

3 A Graph Representation for the GCC
We will see that there is a graph representation of the mentioned partition
of S into 120 spherical triangles that can be obtained from Figure 2 by the
addition and identification of some edges. In such representation, each GCC-
piece will be given by a special 3-path with middle edge traced in Figure 2
and terminal edges not traced, but traceable between each isolated vertex
zx, (z ∈ I5 = {1, 2, 3, 4, 5}; x ∈ I6 = {1, 2, 3, 4, 5, 6}), and the vertices of the
4-cycle in which zx is located, (with the 4-cycles corresponding to vertices
1x, (x 6= 2), realized by the identifications below).

From these vertices and edges, we can envision a graph G depicted on S
by considering from Figure 2 the eight hypothetical triangles

111213, 111513, 111216, 111516, 141213, 141513, 141216, 141516
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Figure 2: Representation of GCC as a graph G

as equilateral triangles in 3-space (forming a compact, connected, piecewise
linear and locally planar surface that can be projected by means of a ho-
meomorphism into the plane to fit Figure 2), then folding the four external
equilateral triangles in such a way that identifications of corresponding ver-
tices and edges yields a regular octahedron with a unique resulting vertex
labelled 15. This octahedron can be blown up, or inflated, by means of a
stereographic projection from its center, into the sphere S, so that the equi-
lateral triangles inflate into spherical quadrant triangles.

A graphG results on S from the vertices and edges mentioned above. This
graph G is topologically equivalent to the external skeleton of any solution
of the GCC and reflects the fact that the 15 great circles can be divided into
five collections of three pairwise orthogonal great circles each:

{{z1z2, z2z4, z4z5, z5z1}, {z1z3, z3z4, z4z6, z6z1}, {z2z3, z3z5, z5z6, z6z2}}, (1)

where z varies in {1, 2, 3, 4, 5}, each pair zxzy represents a special 3-path with
degree-one vertices zx and zy and each of the three shown 4-sets of special 3-
paths represents an annulus delimited externally by a great circle and formed
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by four corresponding GCC-pieces buttoned adequately at their pins, holes
and indentations, a partial total of twelve GCC-pieces.

Consider the subgraph G′ of G induced by the middle edges of the special
3-paths. Each special 3-path of G has an inner vertex of degree 5 and an
inner vertex of degree 3 in G′. Any inner vertex of a special 3-path is at
distance one in G from some vertex zx and at distance two in G from some
other vertex zy. The shown labels for these inner vertices are defined in
Section 6 according to the rules established in Section 4.

4 A Double Covering Graph of G′

Observe that G′, being a subgraph of G, can be considered as a spherical
graph as well, in fact a graph that can be drawn onto the sphere S. The
faces of such spherical graph G′ are delimited by 4-cycles, each containing
in its interior a degree-four vertex zx of G that is not a vertex of G′. In
fact, there is a 1-1 correspondence between those 4-cycles and the vertices zx
contained in their interiors.

The faces of G′ will be denoted with the same labels zx of the vertices
of G contained in their interiors. This allows to assign a 5-cycle to each
degree-five vertex v of G′, as follows:

1. Order the faces zx incident to v in a clockwise fashion around v, as
shown in Figure 2, starting from any arbitrary of those faces.

2. Express between a pair of parentheses and from left to right the symbols
z corresponding to the faces zx in the order established in item 1. In
the resulting expression, two contiguous symbols z, z′ must have their
corresponding faces zx, z

′
x′ sharing an edge of G′ incident to v, where

the last symbol between parentheses is considered contiguous to the
first one.

A similar assignment yields a 3-cycle for each degree-three vertex of G′.
Of course, we conceive a 5-cycle disregarding the orientation of the com-

posing symbols. In fact, there are 5! = 120 permutations of I5, (where
a permutation of n elements is written as an ordered list of the numbers
1,2,. . . , n). They split into 120

5 = 24 classes composed by 5 permutations
each, representing the circuits (or oriented cycles) of K5 that has I5 as ver-
tex set. By disregarding the orientation of the symbols in each of these

6



d

d

d

d

dd

dd

dd

dd

d

dd

d

ξ′
3

ξ′
4

ξ′
5

ξ′
1

ξ′
2

ξ3

ξ4

ξ5ξ1

ξ2

η3

η4

η5η1

η2

η0

1

1

1
1 1

2

2

2

2

2

3

3

3

3

3

4

4

4

4

4

5

5

5

55

3

4

51

2

Figure 3: The quotient graph G′′ of G′

circuits, we are left with 12 (unoriented) cycles of K5. Similarly, it can be
seen that there are ten 3-cycles in K5, which coincide with the 3-set of I5.

Interpreting the labels of the vertices of G′ as 5- and 3-cycles of K5,
as above, it is observed that each incumbent 5- or 3-cycle appears exactly
twice as a label of a vertex of G′ in such a way that G′ can be seen as a
double covering of a quotient graph G′′, which is represented in Figure 3. In
particular, there is a covering graph map φ : G′ → G′′ such that the inverse
image of any vertex or edge of G′′ by φ is composed by two edges antipodal
in G′.

The 5-cycles that label vertices of G′′, (a total of six), are the equivalence
classes of the odd permutations of I5, (that is the permutations of I5 obtained
from the identity permutation 12345 by an odd number of transpositions),
under the dihedral group generated by switching, (a0a1a2a3a4 → a4a0a1a2a3),
and reflection, (a0a1a2a3a4 → a4a3a2a1a0). Because of this, these 5-cycles are
called the odd 5-cycles of K5.

As a result, G′′ is a bipartite graph with one of its vertex parts composed
by the six odd 5-cycles of K5, and the other vertex part composed by the
ten 3-cycles of K5. (While the 5-cycles of K5 may be divided into odd and
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even 5-cycles, the 3-cycles of K5 do not admit such a subdivision: an even
3-circuit reverses into an odd 3-circuit and viceversa).

Middle edges of special 3-paths of G with degree-one vertices zx and zy
receive as a label the symbol z. This yields an edge labelling for G′ that is
compatible with φ so that there exists a well-defined edge labelling for G′′

having the following properties:

1. the three edges incident in G′′ to a vertex represented by a 3-cycle
z1z2z3 are labelled z1, z2 and z3, as in Figure 3;

2. for each edge e of G′′ labelled with symbol z1 ∈ I5 and incident to
a vertex of G′′ labelled with z1z2z3, there exists a unique odd 5-cycle
given as the label of the other endvertex of e, namely an odd 5-cycle
of the form (z2, z3, a, z1, b), where {a, b} = I5 \ {z1, z2, z3}.

By deleting from the set of edges in Figure 2 that join the isolated vertices
with the vertices in their containing 4-cycles all the 2-paths whose endvertex
sets are of the form {ξi, ξ′i}, we are left with a 20-cycle and two 10-cycles.
Their vertices are shown in black in Figure 2, suggesting their associated-
label cycles:

(ξ′1, 45, ξ
′
2, 56, ξ

′
3, 16, ξ

′
4, 26, ξ

′
5, 32, ξ

′
1, 42ξ

′
2, 53, , ξ

′
3, 13, ξ

′
4, 23, ξ

′
5, 35),

(ξ1, 22, ξ3, 41, ξ5, 11, ξ2, 31, ξ4, 52), (ξ1, 25, ξ3, 44, ξ6, 14, ξ2, 34, ξ4, 55).

The vertices of these cycles are shown in black in Figure 2, where ξ′3 and ξ′4,
represented twice each, are shown black only once to indicate their partici-
pation in the said cycle of length 20. Observe that the two 10-cycles here are
realized in the external skeleton of the GCC in S by two antipodal spherical
regular pentagons formed by ten full-icosahedral-group fundamental-region
triangles concentric at both vertices labelled η0, while the 20-cycle zigzags in
the skeleton bordering partially the remaining ten spherical pentagons that
form with the first two a regular-dodecahedron partition of S.

5 Edge (5,3)-colorings of G′′

We must associate types 1a, 2a, 2b, 3b, 4b, 4c, 5c to the GCC-pieces in pro-
portions arising from items 1-3 at the end of Section 2. Since each pair
of antipodal GCC-pieces in a solution of the GCC is represented by an
edge of G′′, we must color each edge e of G′′ with a color pair αβ from
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{1a, 2a, 2b, 3b, 4b, 4c, 5c}, where α ∈ I5 and β ∈ {a, b, c}. Color α is then as-
sociated to the degree-five endvertex e5 of e and color β is associated to the
degree-three endvertex e3 of e. For such a (5,3)-coloring to become a solution
compatible with a feasible construction of the GCC, we must require that
the induced vertex coloring on each vertex part of G′′ be faithful, that is that
each vertex e5 uses up the whole set I5 of numerical colors and that each
vertex e3 uses up the whole set {a, b, c} of literal colors. Thus, we must color
the edges of G′′ with the color-pair set {1a, 2a, 2b, 3b, 4b, 4c, 5c} satisfying the
mentioned faithful-coloring requirement and such that:
1. color pairs 1a, 3b, 5c are used on six edges of G′′ each, (twelve in G′ each),
2. color pairs 2a, 4c are used on four edges of G′′ each, (eight in G′ each) and
3. color pairs 2b, 4b are used on two edges of G′′ each (four in G′ each).

6 Symmetrically Reversible GCC Solution
It can be seen that there exists just one symmetrically reversible solution of
the GCC, obtained in the graph-theoretical setting presented above by means
of the following assignment. In order to manage succinctly the notation for
solutions of the GCC, let us denote the odd 5-cycles of K5 as:

η0 = (13524), η4 = (21345), η5 = (13245),
η1 = (12435), η2 = (12354), η3 = (52341),

so that the even cycles may be denoted as:

η′0 = (12345), η′4 = (24153), η′5 = (14352),
η′1 = (13254), η′2 = (15243), η′3 = (54213).

In the same manner, let us express the triangles of K5 as:

ξ2 = (123) ξ3 = (234) ξ4 = (345) ξ5 = (451) ξ1 = (512)
ξ′2 = (425) ξ′3 = (531) ξ′4 = (142) ξ′5 = (253) ξ′1 = (314)

To express the claimed symmetrically reversible solution to the GCC, we
assign color pair 1a to the edges of G′′ labelled with 1; 3b to the edges of G′′

labelled with 3; 5c to the edges of G′′ labelled with 5; and subsequently, by
denoting as DaC any edge of G′′ labelled with a ∈ I5 and having as labels of
its endvertices the 5-cycle C and the 3-cycle D, we assign the following color
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pairs to the remaining edges of G′′:

2a : ξ32η4, ξ
′
52η1, ξ

′
24η3, ξ44η0;

2b : ξ′22η2, ξ12η5;
4b : ξ′44η4, ξ54η1;
4c : ξ′42η3, ξ22η0, ξ34η2, ξ

′
14η5.

There is an immediate induced edge-(5,3)-coloring of G′ obtained by pull-
back of the given edge (5,3)-coloring of G′′ via φ. This (5,3)-coloring serves
as a guide for the construction of a solution to the GCC. Notice that this so-
lution is symmetrically reversible in the sense that the binary action given by
the symbol permutation (1, 5)(2, 4)(a, c), leaving the symbols 3 and b fixed,
still constitutes a solution to the GCC.

7 Asymmetrical GCC Solutions
A second solution to the GCC, this time not symmetrically reversible, is
given as follows: assign color pair 1a to the edges of G′′ labelled with 1; assign
subsequently the following color pairs to the indicated remaining edges of G′′:

2a : ξ′22η2, ξ33η0, ξ43η
5, ξ′53η4;

2b : ξ′42η3, ξ
′
52η1;

3b : ξ32η4, ξ12η5, ξ23η1, ξ
′
13η2, ξ

′
24η3, ξ44η0;

4b : ξ′44η4, ξ54η1;
4c : ξ22η0, ξ

′
44η4, ξ15η2, ξ

′
55η5;

5c : ξ34η2, ξ
′
14η5, ξ

′
35η4, ξ45η3, ξ55η0, ξ

′
25η1;

We offer a third solution, for the sake of showing that the starting and the
finishing levels of a solution of the GCC can be correctly positioned with the
assignment of color pairs 1a and 5c to the edges of G′′ labelled respectively
with 1 and 5, as in the symmetrically reversible solution above, but providing
the remaining (5,3)-coloring differently, as follows:

2a : ξ22η2, ξ32η4, ξ43η5, ξ
′
52η1;

2b : ξ′33η3, ξ33η0;
3b : ξ′42η3, ξ22η0, ξ54η1, ξ

′
53η4, ξ

′
13η2, ξ12η5;

4b : ξ′24η3, ξ44η0;
4c : ξ34η4, ξ

′
14η5, ξ

′
44η4, ξ23η1.
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8 GCC-Piece Distributions
The three solutions above have the following piece distribution for the 5 GCC
levels, denoted from the internal to the external level as: ℓ1, ℓ2, ℓ3, ℓ4, ℓ5. Each
shown quantity is the number of pieces of a color pair αβ in a level ℓi, equal
to the number of i-labelled edges colored αβ in G′, which doubles the number
of i-labelled edges colored αβ in G′′, as assigned in the three instances above.

ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ1 ℓ2 ℓ3 ℓ4 ℓ5

1a 12 12 12 12
2a 8 4 4 2 6 6 2
2b 4 4 4 4
3b 12 12 4 4 4 4 6 4 2
4b 4 4 2 2 4 4
4c 8 4 4 2 2 3 6
5c 12 12 4 4 12

Σ 12 12 12 12 12 12 12 12 12 12 12 12 12 12 12

This table allows to confirm that the first given solution to the GCC, to
the left of the table, is the only solution which is symmetrically reversible.

Another comment is with respect to the distribution of the pieces for
the five triples of mutually orthogonal great circles in the GCC. Since our
solutions to the GCC came in pairs of pieces of a similar type, as we obtained
the solutions by pullback of the corresponding (5,3)-colorings via φ, it is
enough to mention the type of two pieces of the four present in each great
circle. The following table displays such information.

1a1a 1a1a 1a1a 1a1a 1a1a 1a1a 1a1a 1a1a 1a1a
2a2b 2a4c 2b4c 2b2b 2a4c 3b3b 2a3b 2a3b 2a3b
3b3b 3b3b 3b3b 2a3b 2a3b 2a4b 2b2b 3b3b 2a4c
2a4b 2a4c 4b4c 3b4c 3b5c 4b5c 3b4c 4b4c 4b4c
5c5c 5c5c 5c5c 4c5c 4c5c 5c5c 5c5c 5c5c 5c5c

9 Relation of GCC with Petersen Graph
We relate now G′′ and the Petersen graph O3, where O3 is an odd graph
Ok+1. This Ok+1 is considered here as the graph whose vertices represent
the (k + 1)-sets of In = I2k+1 = {1, 2, . . . , 2k + 1} and an edge between any
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two vertices whenever the two (k + 1)-sets they represent intersect in just
one element of I2k+1, in which case the edge is labelled, or colored, with that
unique intersecting element. In fact, O3 can be presented as in Figure 4.

Given a cycle C of Ok+1, we associate with C a cycle of Kn by setting,
between parentheses, the sequence of labels associated to pairwise different
successive edges of C, obtained by departing from some vertex v of C, in any
of the two possible directions, and passing from vertex to contiguous vertex,
until returning to v. Such a cycle of Kn is called the induced edge-color

cycle of C. Of course, there are 2|C| such notations for each C, but they all
represent a unique cycle of Kn. We detail this observation for the particular
cases of cycles of length 5 and 6 in O3 in terms of the following facts:

1. There is a 1-1 correspondence θ5
5,3 from the set of 5-cycles of K5 onto

the set of 5-cycles of O3, given specifically by:

η0
0 → (531, 142, 253, 314, 425); η1

0 → (451, 123, 345, 512, 234);
η0

1 → (312, 254, 431, 125, 543); η1
1 → (532, 241, 153, 324, 415);

η0
2 → (231, 154, 423, 315, 542); η1

2 → (521, 143, 352, 214, 435);
η0

3 → (421, 153, 342, 215, 534); η1
3 → (541, 132, 254, 413, 325);

η0
4 → (321, 145, 532, 214, 453); η1

4 → (431, 152, 243, 315, 524);
η0

5 → (325, 514, 432, 251, 143); η1
5 → (135, 542, 213, 354, 421);

where the cycles of K5 are denoted as in Section 6 and each vertex of O3
is presented so as to stress, with the coinciding labels of I5 contiguous
to each comma or to both parentheses, the color of the corresponding
edge.

2. There is a 1-1 correspondence θ3
5,3 from the set of 3-cycles of K5 onto

the set of 6-cycles of O3, given specifically by:

245 → (214, 435, 512, 234, 415, 532); 123 → (152, 243, 351, 142, 253, 341);
412 → (431, 152, 234, 451, 132, 254); 345 → (324, 415, 523, 314, 425, 513);
134 → (153, 324, 451, 123, 354, 421); 512 → (541, 132, 245, 531, 132, 235);
351 → (325, 541, 123, 345, 521, 143); 234 → (213, 354, 412, 253, 354, 452);
523 → (542, 213, 345, 512, 243, 315); 451 → (435, 521, 134, 425, 521, 124).

Each cycle C of O3 present as a destination in the assignments above is
denoted by the cycle of K5 given by the inverse image (θ

|C|
5,3 )−1(C), where

|C| = 5 or 3, as it may correspond.
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Figure 4: Presentation of the Petersen Graph O3

G′′ is the bipartite graph whose vertex parts are the set of odd 5-cycles
of K5 and the set of 3-cycles of K5, labelled in the way specified above. The
following result is observed.

Theorem 1 For every edge e of G′′, there exists only one edge θ(e) of O3 in

the intersection of the cycles of O3 representing the endvertices of e.

10 Cycles of Odd Graphs
Let n = 2k+ 1, where k is a positive integer. Each n-cycle C of Kn is of the
form C = (a0b1a1b2a2b3 . . . biai . . . bkak), where the set of composing symbols
a0, b1, a1, b2, a2, b3, . . ., bi, ai, . . ., ak, bk are in 1-1 correspondence with In.
For each such n-cycle C of Kn, there exists a unique n-cycle Φ(C) in Ok+1
whose induced edge-color cycle coincides in form with C:

Φ(C) = (akak−1 . . . a1a0,
a0bk . . . b2b1, b1ak . . . a2a1,
a1a0bk . . . b3b2, b2b1ak . . . a3a2,
a2a1a0bk . . . b4b3, b3b2b1ak . . . a4a3,
. . . . . . . . . . . . , . . . . . . . . . . . . ,
aiai−1 . . . a0bk . . . bi+2bi+1, bi+1bi . . . b1ak . . . ai+2ai+1,
. . . . . . . . . . . . , . . . . . . . . . . . . ,
ak−1 . . . a1a0bk, bkbk−1 . . . b1ak),

13



where the symbols surrounding each comma and those contiguous to the
parentheses form the mentioned edge-color sequence.

Moreover, we have the following fact.

Theorem 2 Φ is a 1-1 correspondence from the family of n-cycles of Kn

onto the family Ck of n-cycles of Ok+1.

Proof. This is a conclusion of the definition of Φ. Alternatively, it is a
conclusion of Corollary 7.8.2 to the Erdös-Ko-Rado Theorem in [1].

The n-cycles of Ok+1 that contain a given edge

e = (akak−1 . . . a1a0, a0bk . . . b2b1)

are of the form suggested by the correspondence Φ. Clearly, this e is labelled
with color a0. The following generalizes the counting in Theorem 1.

Theorem 3 The number of n-cycles passing through e is (k!)2.

11 An Odd-Cycle-Structure Graph
Let Ck be the family of n-cycles of Ok+1. The following question is of interest
when k > 1.

Question 4 Which graphs can be defined having Ck as vertex set and reflect-

ing the intersecting structure of the n-cycles of Ok+1?

In this and the following section, we consider some answers to Question 4.
Let Λ0

k be the graph whose vertex set is Ck and whose adjacency is given
by tracing an edge e′ between any two n-cycles whose intersection is a single
edge e of Ok+1 and its endvertices, in which case e′ will be labelled, or colored,
with the same color that labels e in Ok+1. This In-coloring makes Λ0

k into
a (not necessarily proper) In-colored graph. (In fact, the In-coloring here is
proper only if n = 5, that is for the Petersen graph O3.)

Proposition 5 Λ0
2 has two isomorphic connected components, one of which,

call it O, coincides with a complete graph K6 whose vertices represent the

odd 5-cycles, with each edge e of K6 labelled so that the odd 5-cycles A and

B that represent its endvertices have their images Φ(A) and Φ(B) sharing

just one edge e′ of O3. In fact, e is labelled with the color that labels e′ in O3.

14



Proposition 5 is related to the observation made in page 15 of [1] that the
triangulation of K6 in the projective plane suggested in its Figure 1.15 has
the Petersen graphs O3 as its projective dual.

Proposition 6 The statement in Proposition 5 related to O may be repro-

duced for the other connected component, E , of Λ0
2 by replacing ‘even’ for

‘odd’. Moreover, there is a 1-1 graph correspondence ∂ from O onto E send-

ing vertex (a0a1a2a3a4) of O onto vertex (a0a2a4a1a3) of E . Furthermore,

this correspondence preserves edge labels.

Observe that Λ0
2 has each vertex v perfectly colored. However, Λ0

k is not
perfectly colored for k > 2, because there are (k!)2 > 1 n-cycles passing
through a single edge. This does not mean that Λ0

k contains a monochromatic
K(k!)2 in each color at each vertex, for there are n-cycles of Ok+1 that share
not just an edge e, but other edges and vertices as well.

12 Proper Odd-Cycle-Structure Graphs
In view of the generally improper natural edge In-coloring of the graphs Λ0

K

presented in the previous section, we can refine Question 4 as follows.

Question 7 Which graphs answering Question 4 possess a proper natural

edge coloring?

Let ψ1 : In × Ck → Ck be defined as follows. Let A = (a1a2 . . . an) ∈ Ck

and let a ∈ In. Then a = ai, for some i ∈ In. Set

ψ1(A, a) = (a1a2 . . . ai−2ai+1aiai−1ai+2 . . . an),

which is understood as an n-cycle by cyclically considering a1 = ai+1 if i = n,
and an = ai−1 if i = 0.

In fact, there exists a 6-cycle C1(A, i) in Ok+1 with associated edge-color
cycle (ai−1aiai+1ai−1aiai+1) such that C1(A, i) intersects A exactly in a 3-path
with associated edge-color sequence ai−1aiai+1.

Notice that ψ1(A, i) ∈ Ck is the symmetric difference A∆C1(A, i). We
can say that ψ1 is an action of In on Ck, even though In does not have the
explicit structure of an algebraic group.

Let Λ1
k be the graph whose vertex set is Ck and whose adjacency is given

by tracing an edge e between any two vertices whose representative n-cycles

15



A and B are related by an expression of the form ψ1(A, i) = B, in which case
we label, or color, e with ai = bi.

Theorem 8 Λ1
k has naturally a 1-factorization possessing n 1-factors, each

of which is constituted by the edges labelled with a corresponding color of In.

In the same manner, we could define an action ψℓ : In × Ck → Ck, for any
1 ≤ ℓ < k, such that if A = (a1a2 . . . an) ∈ Ck and a ∈ In, so that a = ai, for
some i ∈ In, then

ψℓ(A, a) = (a1a2 . . . ai−ℓ−1ai+ℓ . . . ai+1aiai−1 . . . ai−ℓai+ℓ+1 . . . an),

which is adapted by cyclically considering aj = ai+j when i = n, and an−j =
ai−j when i = 0, for 1 ≤ j ≤ ℓ.

In fact, there exists a 2(2ℓ + 1)-cycle Cℓ(A, i) in Ok+1 with associated
edge-color cycle

(ai+ℓ . . . ai+1aiai−1 . . . ai−ℓai+ℓ . . . ai+1aiai−1 . . . ai−ℓ)

such that Cℓ(A, i) intersects A exactly in a (2ℓ + 1)-path with associated
edge-color sequence ai+ℓ . . . ai+1aiai−1 . . . ai−ℓ.

Proposition 9 The graph Λ1
2 can be obtained from Λ0

2 = O ∪ E by replacing

each two edges, (u, v) in O and (∂(u), ∂(v)) in E , by (u, ∂(v)) and (∂(u), v),
which are edges of Λ1

2.

We may refer to the transformation suggested in Proposition 9 as an edge-

crossing graph transformation. Notice that ψℓ(i, A) ∈ Ck is the symmetric
difference A∆Cℓ(A, i). Here too, we can say that ψℓ is an action of In on Ck.

Let Λℓ
k be the graph whose vertex set is Ck and whose adjacency is given

by tracing an edge e between any two vertices whose representative n-cycles
A and B are related by an expression of the form ψℓ(i, A) = B, in which case
we label, or color, e with ai = bi.

Theorem 10 Λℓ
k has naturally a 1-factorization possessing n 1-factors, each

of which is constituted by the edges labelled with a color of In.

We can gather the information given in both Theorems 8 and 10 as follows.

Theorem 11 The union of the graphs Λℓ
k with common vertex set Ck, for

ℓ = 1, . . . , k − 1, constitutes a connected graph possessing a 1-factorization

with n(k − 1) 1-factors.
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13 Hamilton Cycles in the Middle Levels
The middle levels graphMn has the k- and (k+1)-subsets of In as its vertices,
and its edges determined by subset containment. It can be seen that Mn is
a subgraph of the n-cube and a double covering of Ok+1, with covering map
given by sending the (k + 1)-subsets of In into themselves considered as
vertices of Ok+1 and the k-subsets of In into their complements.

Corollary 12 The correspondence Φ of Theorem 2 induces a 1-1 correspon-

dence from the family of n-cycles of Kn onto the family of 2n-cycles in Mn

which are pullbacks of the n-cycles of Ok+1.

14 Family of graphs generalizing G′′

Let n and k be as in Section 10. Consider a bipartite graph Gk with vertex
parts Ak and Bk, where Ak is formed by all the n-cycles of Kn and Bk is
formed by all the (k + 1)-cycles of Kn. The graph Gk is well defined by
making each vertex (a0b1a1b2a2b3 . . . biai . . . bkak) ∈ Ak adjacent to a vertex
(a0a1a2 . . . ai . . . ak) ∈ Bk, which can be done (cyclically) in n ways.

By taking A′
k as the subset of odd permutations in Ak, we obtain with

the same adjacency relation a bipartite graph G′
k with parts A′

k and Bk. For
example, G′

2 = G′′. Also, A′
3 has 360 vertices of degree 7 in G′

3 while B3 has
105 vertices of degree 24 in G′

3.

15 On (λ, µ)-coloring (λ, µ)-bipartite graphs
We generalize now the GCC problem posed in Section 5. Let 0 ≤ λ, µ ∈ Z.
A bipartite graph G with vertex parts A and B is said to be (λ, µ)-bipartite
if every vertex of A has degree λ and every vertex of B has degree µ. Let
∅ 6= Θ ⊆ Iλ × Iµ. A (λ, µ)-coloring of G via Θ is an edge coloring of G by
means of color pairs in Θ, that is an assignment from the edge set of G into
Θ. Such a coloring is said to be faithful if
1. for every vertex v of A and each α ∈ Iλ there is an edge e incident to v
with assigned color pair (α, β) ∈ Θ, for some β ∈ Iµ.
2. for every vertex v of B and each β ∈ Iµ there is an edge e incident to v
with assigned color pair (α, β) ∈ Θ, for some α ∈ Iλ.
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The problem posed in Section 5 is a particular case of the problem of finding
a faithful (λ, µ)-coloring of a (λ, µ)-bipartite graph G. In the case for which
G = Kµ,λ is a complete bipartite graph with Θ = Iλ × Iµ, there is a natural
faithful coloring of G via Θ = Iλ × Iµ. This is a particular case of taking
G as a cyclic bipartite graph with A = Zm and B = Zn, where m ≥ n,
and adjacency given between (i mod m) ∈ Zm and (i mod n) ∈ Zn, for
i ∈ {0, 1, . . . , (m×n)/ gcd(m,n)}−1. (Here 0 ∈ Zm is taken asm and 0 ∈ Zn

as n). Then the regular degree of A in G is λ = n/ gcd(m,n) and that of B
is µ = m/ gcd(m,n). A multiset of color pairs (α, β), with α ∈ Iλ and β ∈ µ
compatible with a faithful (λ, µ)-coloring can be found by iteratively coloring
the edges ((i mod m), (i mod n), for i ∈ {0, 1, . . . , (m× n)/ gcd(m,n)} − 1,
while possible without contradicting the well definition of a (λ, µ)-coloring in
G, constantly with a fixed color (α, β), passing when a color is exhausted, to
the next color. This always works. For example, let m = 9 and n = 6. Then
the following color-pair assignment for G is a (2,3)-coloring of G:

(0, 0) → (0, 0), (1, 1) → (0, 0), (2, 2) → (0, 0),
(3, 3) → (0, 0), (4, 4) → (0, 0), (5, 5) → (0, 0),
(6, 0) → (0, 1), (7, 1) → (0, 1), (8, 2) → (0, 1),
(0, 3) → (1, 1), (1, 4) → (1, 1), (2, 5) → (1, 1),
(3, 0) → (1, 2), (4, 1) → (1, 2), (5, 2) → (1, 2),
(6, 3) → (1, 2), (7, 4) → (1, 2), (8, 5) → (1, 2),

showing that six copies of color pairs (0, 0) and (1, 2) each and three copies of
color pairs (0, 1) and (1, 1) each constitute a multiset of color pairs compatible
with the shown faithful (2,3)-coloring of G.

We leave as a problem that of finding a faithful (λ, µ)-coloring given a
general (lambda, µ)-bipartite graph.
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