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Abstract

The notion of a C-ultrahomogeneous (or C-UH) graph due to D. Isaksen
et al. is adapted for digraphs and applied to the cubic distance-transitive
graphs, considered both as graphs and digraphs, when C is formed by
shortest cycles and (k — 1)-paths, with & = arc-transitivity. Moreover,
(k — 1)-powers of shortest cycles taken with orientation assignments that
make these graphs become C-UH digraphs are ‘zipped’ into novel C-UH
graphs, with C formed by copies of K3, K4, C7 and L(Q3). In particu-
lar, the Biggs-Smith graph yields a connected edge-disjoint union of 102
copies of K4 which is the non-line-graphical Menger graph of a self-dual
(1024)-configuration, a Ks-fastened {K4, L(Qs)}-UH graph. This stands
in contrast with the self-dual (424)-configuration of [7], whose non-line-
graphical Menger graph is a Ks-fastened { K4, K222 }-UH graph.
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1 Preliminaries

The study of ultrahomogeneous graphs (resp. digraphs) can be traced back to
[16], [11] and [15], (resp. [9], [14] and [5]). Following a line of research initiated
by [13], given a collection C of (di)graphs closed under isomorphisms, a (di)graph
G is said to be C-ultrahomogeneous (or C-UH) if every isomorphism between two
induced members of C in G extends to an automorphism of G. If ¢ = {H} is
the isomorphism class of a graph H, we say that such a G is { H}-UH or H-UH.
In [13], C-UH graphs are defined and studied when C is the collection of either
(a) the complete graphs, or (b) the disjoint unions of complete graphs, or (c)
the complements of those unions. In [7], a {K4, K3 22}-UH graph that fastens
objects of (a) and (c), namely K4 and K3 22, is presented.

We may consider a graph G as a digraph by considering each edge e of G as
a pair of oppositely oriented (or OO) arcs € and (¢)~!. Then, ‘zipping’ € and
(€)% allows to recover e, technique to be used repeatedly for graphs, below.



(In [8], however, a strongly connected Cy-UH oriented graph without OO arcs
is presented).

Let M be a sub(di)graph of a (di)graph H and let G be both an M-UH
and an H-UH (di)graph. We say that G is a (fastened) (H; M)-UH (di)graph
if, given a copy Hy of H in G containing a copy My of M, then there exists
exactly one copy Hi1 # Hp of H in G with V(Hp) NV (Hy) = V(M) and
A(Ho) N A(Hy) = A(My), where A(H;) is formed by those arcs (€)' whose
orientations are reversed with respect to those of the arcs € of A(H;), and
moreover: no more vertices or arcs than those in M are shared by Hy and H;.
In the undirected case, the vertex and arc conditions above can be condensed as
Hy N Hy = My, which is generalized by saying that a graph G is an {-fastened
(H; M)-UH graph if given a copy Hy of H in G containing a copy My of M,
then there exist exactly ¢ copies H; # Hy of H in G such that H; N Hy = My,
for each one of ¢ = 1,2,...,¢, and such that no more vertices or edges than
those in My are shared by each two of Hy, Hy, ..., Hy.

Let H; be a connected graph, for ¢ = 1,...,h. We say that a graph G is
a Ko-fastened {H;}"_,-UH graph if, for every i = 1,...,h: (a) G is an H;-
UH graph; (b) G is representable as an edge-disjoint union of a number n; of
induced copies of H; ¢ Hj, (j # i); (¢) G has a constant number m; of copies
of H; incident at each vertex, with no two such copies sharing more than one
vertex; (d) G has exactly n; copies of H; as induced subgraphs isomorphic to
H;; (e) G has each edge in exactly one copy of H;.

Below, self-dual configurations and their Levi and Menger graphs are as in
[6]. The objective of [7] was to present a self-dual (424)-configuration whose
Menger graph G is a non-line-graphical K»-fastened { Ky, K 2 2}-UH graph; it
has exactly 42 copies of K4 and 21 copies of K3 32, with four copies of K4 and
three copies of K3 2 2 incident at each of its 42 vertices. This was relevant in view
of the line graphs of the d-cubes, 3 < d € Z, (for example the cuboctahedron
L(Q3)), which are Ks-fastened {Kg, K2 2}-UH.

We will work with the cubic distance-transitive (or CDT) graphs G (see
2, 4)):

CDT graph G n d| g k| n a b|h |k
Tetrahedral graph K4 | 4 13 2 | 4 24 0|1 1
Thomsen graph K3 3 6 2|4 319 72 1112
3-cube graph Q3 314 |21]6 48 1011
Petersen graph 10 2|5 3| 12 120 0[O0 ]O0
Heawood graph 14 | 3|6 [4]|28 |33 |1|1]0
Pappus graph 18 4|6 3| 18 216 1113
Dodecahedral graph 20 |55 | 2|12 120 |0 |1 |1
Desargues graph 20 5|6 3|20 240 11113
Coxeter graph 28 4|7 |3 |24 |33 [0]0]3
Tutte 8-cage 30 418 5 | 90 1440 | 1|1 | 2
Foster graph 90 |8 |10 |5 |216 4320 (1|1 |0
Biggs-Smith graph 102 | 7|9 4 | 136 | 2448 |0 |1 | 3

where n, d, g, k,n and a are order, diameter, girth, AT or arc-transitivity, number
of g-cycles and number of automorphisms, respectively, with b (resp. h) = 1 if
G is bipartite (resp. hamiltonian) and = 0 otherwise, and  defined as follows:
let P, and Py be respectively a (k — 1)-path and a directed (k — 1)-path (i.e.,
of length &k —1 > 0); let Cy and ég be respectively a cycle and a directed cycle



of length g; then (see Theorem 2 below): x =0, if G is not (dq; P;)-UH; k=1,
if G is planar; k = 2, if G is (CT(,;P;)—UH with ¢ = 2(k — 1); k = 3, if G is
(C,; P,)-UH with g > 2(k — 1).

Given a finite graph H and a subgraph M of H with |V(H)| > 3, we say
that a graph G is strongly fastened (or SF) (H; M)-UH if there is a descending
sequence of connected subgraphs M = Mj,. .., My ) —2 = K> such that: (a)
M1 is obtained from M; by the deletion of a vertex, fori =1,...,|V(H)|—3
and (b) G is a (2! — 1)-fastened (H; M;)-UH graph, for i = 1,...,|V(H)| — 2.
Theorem 1 below asserts that every CDT graph is an SF (C,; Py)-UH graph.

Another SF (H; M)-UH graph appears in Theorem 9 (Section 3), for which
is convenient to set the following definitions. A graph G is rKs-frequent if
every edge e of GG is the intersection in G of exactly r copies of K, and these
have only e and its endvertices in common. (For example, K4 is 2K3-frequent;
L(Q3) is 1K3-frequent). A graph G is Ks-fastened {Hy, H1}-UH, where H; is
iK3-frequent, (i = 1,2), if: (a) G is an H2-UH graph and an edge-disjoint union
of copies of Hy; (b) G is SF (Hy; K3)-UH; (c) each copy of Hy in G has any of
its subgraph copies of K3 in common exactly with two copies of Hy in G.

Given a graph C' and 0 < k € Z such that k is at most the diameter of C| re-
call that the k-power graph C* of C has V(C¥) = V(C) and that two vertices are
adjacent in C* if and only if they are at distance k in C. Theorem 2 establishes
which CDT graphs are (dq; P;)—UH digraphs. Elevating the resulting oriented
cycles to the (k — 1)-power enables the construction, in Section 3, of fastened
C-UH graphs, with C formed by copies of K3, K4, C7 and L(Q3), when k = 3,
via ‘zipping’ of the OO induced (k — 1)-arcs shared (as (k — 1)-paths) by pairs
of OO g-cycles. In particular: (a) the Pappus (resp. Desargues) graph yields
the disjoint union of two copies of the Menger graph of the self-dual (93)- (resp.
(103)-) configuration, [6]; (b) the Coxeter graph yields the Klein graph on 56
vertices, [3, 17]; (c) the Biggs-Smith graph yields the Menger graph of a self-dual
(1024)-configuration, a non-line-graphical K3-fastened { Ky, L(Q3)}-UH graph,
in contrasts with the self-dual (424)-configuration of [7], whose Menger graph is
Kg-fastened {K4, K272)2}—UH.

2 (Cy, P;)-UH properties of CDT graphs

Theorem 1 Let G be a CDT graph of girth = g and AT = k. Then G is an SF
(Cy; Pix2)-UH graph, for i =0,1,...,k — 2. In particular, G is a (Cy; Py)-UH
graph and has exactly 28723ng=1 g-cycles.

Proof. 'We have to see that each CDT graph G with girth = g and AT = k
is a (2¢ — 1)-fastened (Cy; Pr—;)-UH graph, for i = 0,1,...,k — 2. In fact, each
(k —i—1)-path P = Pj,_; of any such G is shared exactly by 2! g-cycles of G,
for i = 0,1,...,k — 2. Moreover, each two of these 2¢ g-cycles have just P in
common. This and a simple counting argument for the number of g-cycles, as
cited in the table above, yield the assertions in the statement. O



Theorem 2 The CDT graphs G of girth = g and AT = k that are not (dq; ﬁk)-
UH digraphs are the Petersen graph, the Heawood graph and the Foster graph.
The remaining nine CDT graphs are fastened (Cgy; Py)-UH.

Proof. Given a (6'9; ﬁk)—UH graph (G, an assignment of an orientation to each
g-cycle of G such that the two g-cycles shared by each (k — 1)-path receive
opposite orientations yields a (ég; Py)-orientation assignment (or (ég; P,)-OA).
The collection of 7 oriented g-cycles corresponding to the 1 g-cycles of G, for a
particular (C,; Py)-OA will be called an (7Cy; P, )-OAC.

The graph G = K4 on vertex set {1,2,3,0} admits the (4 Cs; ﬁg)—OAC

{(123), (210), (301), (032)}.

The graph G = K33 obtained from K¢ (with vertex set {1,2,3,4,5,0}) by
deleting the edges of the triangles (1,3,5) and (2,4,0) admits the (9 Cy; Ps)-
OAC

{(1234), (3210), (4325), (1430), (2145), (0125), (5230), (0345), (5410)}.

The graph G = Q3 with vertex set {0,...,7} and edge set {01, 23, 45, 67, 02,
13, 46, 57, 04, 15, 26, 37} admits the (6 Cy; P5)-OAC

{(0132), (1045), (3157), (2376), (0264), (4675)}.

If G = Pet is the Petersen graph, then G can be obtained from the disjoint union
of the 5-cycles poo = (upuiugusus) and veo = (vovovsvivs) by the addition of
the edges (ug,v.), for x € Zs. Apart from the two 5-cycles given above, the
other ten 5-cycles of G can be denoted by p; = (Uz—1Uglsyt1Uz410z—1) and
Ve = (Up—2Uz0p 42Uz t2Uz—2), for each x € Zs. Then the following sequence of
alternating 6-cycles and 2-arcs starts and ends up with opposite orientations:

1y (ugugur ) (wourug) puy (ugvavo vy (vsugug)pd

where the upper indices + indicate either a forward or backward selection of ori-
entation and each 2-path is presented with the orientation of the previously cited
5-cycle but must be present in the next 5-cycle with its orientation reversed.
Thus, Pet cannot be a (65; ]33)—UH digraph.

For each positive integer n, let I, stand for the n-cycle (0,1,...,n — 1),
where 0,1,...,n — 1 are considered as vertices. If G = Hea is the Heawood
graph, then G can be obtained from I14 by adding the edges (2z,5 + 2x), for
x € {1,...,7} where operations are in Zi4. The 28 6-cycles of G include the
following 7 6-cycles: v, = (2x,142x,242x,342x,442x, 54 2x), where x € Z7.
Then the following sequence of alternating 6-cycles and 3-arcs starts and ends
up with opposite orientations for ~q:

7o (2345)71 (7654)73 (6789)5 (ba98)~; (abed)vs (10dc)yg (0123)75

(where tridecimal notation is used, up to d = 13). Thus, Hea cannot be a
(C7; Py)-UH digraph.



If G = Pap is the Pappus graph, then G can be obtained from I;g by adding
the edges (1 4 62,6 + 62), (2 + 62,9 + 6z), (4 + 62,11 + 6x), for = € {0,1,2},
where operations are mod 18. Then G admits a (18 C: ]33)—OAC formed by the
oriented 6-cycles Ag = (123456), By = (3210de), Cy = (34bcde), Dy = (0165gh),
Ey = (4329ab), (where octodecimal notation is used, up to h = 17), the 6-cycles
Az, By, Cy, Dy, E,; obtained by adding 6z mod 18 to (the integer representations
of) the vertices of Ay, By, Cy, Do, Eo, where x € Z3\ {0}, and finally the 6-cycles
Fy = (23ef89), F1 = (hgbdba), Fo = (61idcT).

If G = Dod is the dodecahedral graph, then G can be seen as a 2-covering
graph of the Petersen graph H, where each vertex u,, (resp., v; ), of H is covered
by two vertices ay, ¢z, (resp. bs,d,). This can be done so that a (12 55; 162)—
OAC of G is formed by the oriented 5-cycles (apaiasaszay), (cacscacico) and for
each = € Z5 also (Gmdzbzfzderlaerl) and (dzszrQCerQCm,sz,Q).

If G = Des is the Desargues graph, then G can be obtained from the 20-cycle
I, with vertices 4x,4x + 1,4x + 2, 4z + 3 redenoted alternatively xg, x1, x2, x3,
respectively, for z € {0,...,4}, by adding the edges (x3, (x + 2)o) and (z1, (x +
2)5), where operations are mod 5. Then G admits a (20 Cg; Ps)-OAC formed
by the oriented 6-cycles A,., B, Cy, D, for x € {0, ..., 4}, where

Az=(zoz12223(T+1)0(2+4)3),
Cr=(xzaz120(x+3)3(x+3)2(x+3)1),

By=(z1z0(x+4)3(x+4)2(z+2)1 (z+2)2),
Dy=(zo(z+4)3(z+1)o(z+1)1(z+3)2(2+3)3).

If G = Cox is the Coxeter graph, then G can be obtained from the three
7—cycles (U1UQU3U4U5’U,6’LLO), (1)11)31)51)0’02’041)6), (t1t4t0t3t6t2t5) by addlng a Ccopy
of K 3 with degree-3 vertex z, and degree-1 vertices uz, v, t5, for each z € Z7.
Then Cox admits the (24 5’7; ]33)—OAC

=(t1tatotstetats),
7(t3t2t5Z57J,57J,3Z6)
*(ulzlt1t4tozou0)
=(tet2z2uzuzz3ts)
(zauauszststits)
( )
( )
( )

{01:(u1u2u3u4u5u6u0), 02:(v1v3v5v0v2v4v6),
11'=(u1z1v1v323U3U2),
2'=(vsz5usususzsvs),
31=(vsvozououeuszs),
41:(’u.lquo'U[)'UQZQ’UQ)7

12:(24’04’02’00Z0t0t4),
2%=(tgzgvevav2z2ta),
32=(z4tat121v1vV6v4),
4% =(tet323v3v1v626),
52=(vsvzvi1z1t1ts2s),
6%=(vsvs2zststozovo),
72=(vs25t5t222020),

=(tsz6ucuozotots),
uiuz2zotatsty z1

51:(Z4U4u3u222v2v4),
6" =(z4vav626UsUsUL),
71:(U1u0u5251)5’[)121),

= p
= P
= P
= s
= s

03
13
23
33
43
53
63
73

zatatotszausug }

If G = Tut is Tutte’s 8-cage, then G can be obtained form I3p, with vertices
S5r,bx+1,5x+2,5x+3,5x+4, 5x+ 5 denoted alternatively xg, 1, x2, x3, T4, Ts5,
respectively, for z € Zs, by adding the edges (x5, (z + 2)o), (1, (z + 1)4) and
(22, (z + 2)3). Then G admits the (90 Cs; P5)-OAC formed by the oriented
8-cycles

A®=(4500010203040510),
D0=(3332314443421312),
G%=(1011242502010045),
JO0=(1005040332314445),
M°=(3540410403020100),
P0=(4544434241040510),

B%=(4243444510111213),
FE0=(4510050441403500),
H%=(2324111005040302),
K0=(3132030201004544),
N°=(3534212015140100),
Q0=(4041421314153025),

C°=(0203044140252423),
F0=(4500354025241110),
19=(0102030441421314),
L%=(2524253031320302),
0°=(4243252134331213),
R0=(0102033231301514),

together with those obtained from these 18 8-cycles by adding « € Zs uniformly
mod 5 to all subindices. Accordingly, these 8-cycles are denoted A”,..., R",
where z € Zs.



If G = Fos is the Foster graph, then G can be obtained from Igy, with
vertices dx,5x + 1,5z + 2,5z + 3,5x + 4,5x + 5 denoted alternatively xg, x1,
X9, T3, T4, Ty, respectively, for x € Zis, by adding the edges (x4, (z + 2)1),
(0, (x4 2)5) and (x2, (z + 6)3). The 90 10-cycles of G include the following 15
10-cycles, where x € Zy5.

¢r=(zaxs5(x+1)o(x+1)1(z+1)2(x+1)3(z+1)s(z+1)5(x+2)0(z+2)1),

Then the following sequence of alternating 10-cycles and 4-arcs:

o [1a]¢7 131107 [34)¢5 [5110F [5alds [T1]od [7aldy [91)67 [94]¢y [b1]e7 [baldy [di]dT [dale) [01]67F[04]

continues with ¢, , of opposite orientation to that of the initial %” , where [z;]
stands for a 3-path starting at the vertex z; in the previously cited (to the left)
oriented 10-cycle. Thus, Fos cannot be a (élo; ﬁ5)—UH digraph.

If G = BS is the Biggs-Smith graph, then G can be reconstructed from four
17-cyclesy = A, D, C, F, namely A = (Ao, A1,...,Ag}, D = (Do, Do, ..., Dy},
C = (Cy,Cy4,...,Cq}, F = (Fy, Fs, ..., Fy), (where each y has vertices y; with
1 as an heptadecimal subindex, up to g = 16, advancing in 1,2,4,8 units mod
17 stepwise from left to right), by adding a 6-vertex tree with degree-1 vertices
A;,C;, D;, F; and degree-2 vertices B;, E; and containing the 3-paths A;B;C;
and D;E; F;, for each i € Z17. Then G admits the (102 Cy; P,)-OAC formed by
the oriented 9-cycles

SY=(AgA1B1C1C5CyCqCoBy), W°=(AgA1B1E1F1FyFyEoBy),
CoC4B1A1A3A2A1A0Bo), XO°=(CoC4BsE1D4D2DoEoBo),

To—(
U°=(EoFoFoF1FoF2E>D2Dy), Y=(EoBoAoA1A2 B2 E2D2Dy),
VO0=(EoDoD2D4D¢Dg EsFs Fy), Z°=(FyFsEsBsCsC1CoBoEy),

together with those obtained from these eight 9-cycles by adding € Zj7 uni-
formly mod 17 to all subindices. Accordingly, these 9-cycles are denoted S*,T%,
etc., where x € Zq7. 0O

3 ‘Zipping’ the (k — 1)-powers of g-cycles ...

Given a CDT graph G with x = 3, consider the collection Cf~*(G) of (k — 1)-

powers of oriented g-cycles in the (776'9; ﬁk)—OAC of G in the proof of Theorem
2. If k = 3, then each arc € of a member C? of C2(G) is indicated by the middle

vertex of the 2-arc E in C for which & stands, while the tail and head of € are
indicated by the tail and head of E , respectively. This is the case in Subsections
3.1-2 below, in which we consider the CDT graphs G with kK = k = 3 in order
to ‘zip’ such C?s along their OO arc pairs to obtain corresponding graphs Y (G)
with C-UH properties. In Subsection 3.3, we consider a similar construction
for Kk = 3 = k — 1, namely for the Biggs-Smith graph. In all these cases, the
following sequence of operations is performed:

G — (nC,; Pp)-0OAC(G) — CFYG) — Y(G).



The CDT graphs G with x = 0 do not admit the approach suggested in
the previous paragraph for their g-cycles lack a (dq; ﬁk)-OA; those with Kk = 1
admit the approach with Y (G) = G so nothing new is obtained more than a
corresponding polyhedral graph (embeddable into the sphere) with faces de-
limited by g-cycles, namely the tetrahedral, 3-cube and dodecahedral graphs;
those with x = 2 again admit the approach, but since k/2 = k — 1, then
Y(G) = (g — 1)G*1, the multigraph of multiplicity g — 1 on the (k — 1)-th
power of G.

3.1 ... for the Pappus, Desargues and L(K,) graphs, ...

If G is either the Pappus graph Pap or the Desargues graph Des, then C2(G)
is formed by triangles conforming a graph Y (G) with just two connected com-
ponents Y1 (G) and Ya(G).

3 0 €
F2
N f
B3
= 8
C2
NG f
D§
7 g
A2
PG f
B3
e

Figure 1: Toroidal cutouts of Y7 (Pap) and Y2 (Pap)

Each of Y1 (Pap) and Y2(Pap) is embeddable in a closed orientable surface T}
of genus 1, or 1-torus. In fact, Figure 1 shows toroidal cutouts of Y7 (Pap) and
Y>(Pap). Notice that the copies of K3 in CZ(G) are contractible in Ty. These
triangles form two collections Hi, Ha of copies y! of K3 closed under parallel
translation, where y = A, B,C, D, E, F; i = 0,1,2 and j = 1,2, namely: the
nine of H; (H2) with horizontal edge below (above) its opposite vertex. There is
also a collection Hg of nine non-contractible copies of K3 in G, traceable linearly
in three different parallel directions, three such triangles per direction, with the
edges of each triangle indicated by an associated common vertex of Pap.

There are embeddings of Y1 (Pap) and Y2 (Pap) in Ty for which Hy and either
‘Hy or Hs provide the composing faces. In addition, each of H;, He and Hy is
formed by three classes of parallel elements, in the sense that any two of them
in such a class do not have vertices in common. The self-dual (93)-configuration
in the following theorem is the Pappus configuration, [6].

Theorem 3 Yi(Pap) and Y2(Pap) are isomorphic Ka-fastened {Ho, Hy, Ha}-



UH graphs, where H; is a representative of H;, fori = 0,1,2. Moreover, each of
Y1(Pap) and Ya(Pap) can be taken as the Menger graph of the Pappus self-dual
(93)-configuration in 12 different forms, by selecting the point set P and the line
set L # P so that {P,L} C {V(Pap), Ho, H1, Ha} and the incidence relation
either as the inclusion of a vertex in a copy of K3 or as the containment by a
copy of K3 of a vertex or as the sharing of an edge by two copies of Ks.

Proof. The statement can be established by managing the data given above.
The 12 different claimed forms correspond to the arcs of the complete graph on
vertex set {V(Pap), Ho, Hi1, Ha}. 0

If G = Des, then Y1(G) and Y3(G) are isomorphic Ks-fastened (Ky4, K3)-UH
graphs, each formed by five copies of K4 and ten copies of K3, with each such
copy of K3: (a) not forming part of a copy of Ky in Y1G) or Y2(G); (b) having
its edges indicated with a constant symbol, as shown in Figure 2.

Figure 2: Representations of Y7 (Des) and Ya(Des)

Deleting a copy H of K4 from such Y;(Des) yields a copy of Kj 22, four
of whose composing copies of K3, with no common edges, are faces of corres-
ponding copies of K4 # H; the other four copies of K3 are among the ten
mentioned copies of K3 in G. A realization of Y1(G) (or Y2(G)) in 3-space can
be obtained from a regular octahedron Oz realizing the K> 2 o cited above via
the midpoints of the four segments joining the barycenters of four edge-disjoint
alternate triangles in O3 to the barycenter of O3 by constructing the tetrahedra
determined by each of these alternate triangles and the nearest constructed mid-
point, as well as the fifth central tetrahedron determined by the four midpoints.

By considering the barycenters of the resulting five tetrahedra and the seg-
ments joining them, a copy of K5 in 3-space is obtained. The geometric line
graph L(K5) it gives place to appears as a smaller version of Y1 (G) (or Y2(G))
contained in a octahedron Of C Os. This procedure may be repeated indefi-
nitely, generating a sequence of realizations of Y1 (G) (or Y2(G)) in 3-space. Since



Y1(Des) and Ya(Des) are isomorphic to L(K5), whose complement is Pet, then
this sequence yields a corresponding sequence of realizations of Pet in 3-space.

We notice that the ten vertices and ten copies of K3 of either Y;(Des) (i =
1,2) may be considered as the points and lines of the Desargues self-dual (103)
configuration, and that the Menger graph of this coincides with Y;(Des), [6].
Each vertex of Y;(Des) is the meeting vertex of two copies of K4 and three
copies of K3 not forming part of a copy of K.

Theorem 4 Yi(Des) and Ya(Des) are Ko-fastened { K4, K3}-UH graphs com-
posed by five copies of K4 and ten copies of K3 each. Moreover, the ten vertices
and ten copies of K3 in either graph constitute the Desargues self-dual (103)
configuration, which has the graph itself as its Menger graph. Furthermore, both
graphs are isomorphic to L(Ks), whose complement is the Petersen graph.

Theorem 4 can be partly generalized by replacing L(K5) by L(K,) (n > 4).
This produces a Ks-fastened {K,,—1, K3}-UH graph.

Figure 3: F-colored Cox and the three charts of the Klein graph Y (Cox)

S

Theorem 5 The line graph L(K,), with n > 4, is a Ka-fastened {K,_1, K3}-
UH graph with n copies of K,,_1 and (g) copies of Ks.



Proof. We assume that each vertex of K, is taken as a color of edges of L(K,)
under the following rule: Color all the edges between vertices of L(K,,) repre-
senting edges incident to a vertex v of K, with color v. Then, each triple of
edge colors for L(K,,) corresponds to the edges of a well determined copy of K3
in L(Ky,). Thus, there are exactly (%) copies of K3 intervening in L(K,) looked
upon as a {K,_1, K3}-UH graph. 0

3.2

The Fano plane F, with point set J; = {1,...,7} and line set {124, 235, 346,
457, 561, 672, 713}, yields a coloring to the vertices and edges of G = Cox,
represented on the upper left of Figure 3.

Observe that the colors of each vertex v of G and its three incident edges form
a quadruple ¢ whose complement F \ ¢ is a triangle of F used as a ‘customary’
vertex denomination for v, [12], page 69. Then: (a) the triple formed by the
colors of the edges incident to each vertex of G is a line of F; (b) the color of each
edge e of G together with the colors of the endvertices of e form a line of F. In
this representation of G, the vertices uy, 2;, vy, t; in the proof of Theorem 2 are
depicted concentrically from the outside to the inside, respectively, starting with
1 =1, say, on the upper middle vertices with ‘customary’ vertex denominations
257, 134, 356, 567.

The squares C? of the 24 7-cycles C of G are taken with the following
(cyclically presented) orientations, where each vertex v (resp. edge €) of a C? is
indicated by the color of v (resp., subindicated by the color of the middle vertex
of the 2-path of C' that e represents). In fact, the resulting oriented 7-cycles can
be denoted i/, where i € {0} U J; and j € J3 = {1,2,3}, namely:

... for the Coxeter graph ...

0':  (12345671234567); 02: (13572461357246); 03: (15263741526374);
11 (15467321546732); 12 (17534261753426); 13: (14725631472563);
2l (12543761254376); 22. (13275641327564); 23. (15362471536247);
31: 2134765213476523; 32: 5163542716354273; 33: 2146237514623753;
41 17435621743562); 42 15764231576423); 43 14527361452736);
51: 214326571432557§; 52: 515453721645372§; 53: §136742513G7425§;
6': 17256541723654);  62: 16752431675243);  63: 12647351264735);
71 (17632451763245); 72 (12746531274653); 73 (1257341625734).

Each 2-arc of G is cited exactly once in the oriented cycles i/. Each 2-path
of G appears twice in the i7s, once for each one of its two 2-arcs. The assumed
orientation of each C? corresponds with the orientation of the corresponding
7-cycle C. Thus, we consider each 7-cycle C' with the orientation it induces in
the corresponding C?, say /. In this case, we denote such a C as /.

Each 2-path e of G separates two of the 24 7-cycles of G, say i/ and kY,
with their orientations opposite over e. Now, i/ and k! restrict to the two
different 2-arcs provided by e, say 2-arcs e; and e;. Then, e; and ey represent
corresponding arcs e, and e, in i/ and k¢, respectively.

Let us see that e; and e, can be ‘zipped’ into an edge e in the graph Y (G).
This, which happens to be the Klein graph, [3], graph 56B, can be assembled
from the three charts shown on the upper right and bottom of Figure 3 by
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‘zipping’ the 7-cycles i/, interpreted all with counterclockwise orientation. Each
of these three charts conforms a ‘rosette’, where the 7-cycles i/ with i # 0 are
represented as ‘petals’ of the ‘central’ 7-cycles 0, 02 and 03. (The assemblage of
Y (G) can be done also around the 7-cycles it, i2 and i3, for any i € J7, not just
i = 0). Moreover, each edge e in the external border of one of the three charts is
accompanied by the denomination of a 7-cycle ; incident to e which is a petal
in one of the other two rosettes. Thus, the three charts can be assembled into
the claimed graph Y (G). Moreover, the 24 7-cycles i can be filled each with
a corresponding 2-cell, so because of the cancelations of the two opposite arcs
on each edge of Y(G) (for having opposite orientations makes them mutually
cancelable), Y(G) becomes embedded into a closed orientable surface T5. As
for the genus of T3, observe that

[V(Y(G))| =2x%x28=56and |[E(Y(G))| =2|E(G)| =2 x 42 = 84,
so that by the Euler characteristic formula for T3 here,
VY (@) = [EXV(G)] + [F7(Y(G))| =56 — 84 +24 = —4 = 2 = 2.9(T),

and thus ¢ = 3, so T3 is a 3-torus. This yields the Klein map (of Coxeter
notation) {7, 3}s, (see [17]; note: the Petrie polygons of this map are 8-cycles).

Theorem 6 The Klein graph Y (Cox) is a (Cr; P2)-UH graph composed by 24
7-cycles that yield the Klein map {7,3}s in T5. 0

For the Klein map {7,3}s, the 3-torus appeared originally dressed as the
Klein quartic 23y +y32 + 232z = 0, a Riemann surface and the most symmetrical
curve of genus 3 over the complex numbers. The automorphism group for this
Klein map is PSL(2,7) = GL(3,2), the same group as for F, whose index is 2
in the automorphism groups of Hea, Cox and Y (Cozx).

Corollary 7 The graph Y'(Cox) whose vertices are the T-cycles i; of Y (Cox),
with adjacency between two vertices if their representative T-cycles have an edge
in common, is reqular of degree 7, chromatic number 8 and has a natural trian-
gular Ts-embedding yielding the dual Klein map {3,7}s.

Proof. Each vertex i; of Y'(Coz) is assigned color i € {0} U J7. Also, we have
a partition of T3 into 24 connected regions, each region having exactly seven
neighboring regions, with eight colors needed for a proper map coloring. n

3.3 ... and for the Biggs-Smith graph

The cubes C2 of the 136 9-cycles C of the Biggs-Smith graph G’ = BS are formed
by three disjoint 3-cycles each, yielding a total of 3 x 136 = 408 3-cycles. In fact,
the (136 Co; ﬁ4)-OAC mentioned in the proof of Theorem 2 for G determines a
(408 C's; B,)-OAC for Y (G). The resulting oriented 3-cycles are ‘zipped’ along
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the pairs of OO copies of P, obtained as cubes of OO copies of P, in G. The
resulting ‘zipping’ of OO arcs yields 102 copies of K4. These can be subdivided
into six subcollections {4} of 17 copies each, where y € {4, B,C, D, E, F'} and
i € {0,1,...,16 = g} = Zy7. The vertex sets V(y') of these copies of Ky,
followed each by the corresponding set A(y;) of copies of K, containing the
vertex y;, are as follows:

V(Az):{cum Dy, Eyya, Ez,4}, A(Am):{cz) D*, E®, Ez+3};
V(B®)={Dz-s, Daz-1, Fu, Fpyn}, A(Bg)={D=+2, D=-2  F=, Fo—1};
V(CT)={Aq, Fy, Eytyo, Ei_1}, A(Cy)={A", Frts . prtd Ezfl};
V(D*)={Aq, D, Byy2, Bg_2}, A(Dg)={A=, Dz, Bz+2  Bz+8};
V(E®)={A,, Az—2, Cay1, Cap_a}, A(Ez):{A”+4, A= ol Cz—l};
V(F*)={Cy—s, Fuo-s, Ba, Bai1}, A(F.)={C=, F=+8  Be, Bs-7};

where x € Zj7. This presentation emphasizes a duality property existing bet-
ween the vertices of G and the copies of K4 in the cubes of the 9-cycles of G.
A dual map realizing this duality property is given by an isomorphism from G
(as presented in the proof of Theorem 2) onto a graph G’ isomorphic to G and
that can be obtained similarly from the four 17-cycles A’ = (A% A3 ... A¢),
D' = (D°,D7,...,D%, C'" = (C°,C*,...,C%), F' = (F8 F?, ..., F°) (which
advance the vertex subindices in 3 =1x 3,7 =2x (=5), 12 =4 x 3, 11 =
8 x (—5) units mod 17 stepwise from left to right, respectively) by adding a 6-
vertex tree with degree-1 vertices 43%, 3%, D=5% F8-5% and degree-2 vertices
B>~ E10-67 and containing the 3-paths A% B~ 73" and D5 p10—62 p8—5z
for each x € Z7.
The cubes of the oriented cycles in the proof of Theorem 2 are:

SY—{E°\A.=(A0,C1,Cq), E*\As4=(A1,C5,C0), FO°\Fo=(B1,C9,Bo)};
TO—{E*\C5=(Co,A4,A1), E3\Cy=(C1,A3,A0), D2\D2=(B4,A2,Bo)};
U°—{C"\A1=(Eo,F1,E2), B*\Dg=(Fo,Fa,D2), B*\Dy=(Fo,F3,D0)};
VO—{A4\Cy=(Eo,D4,Es), B8\F;=(Do,Ds,Fs), Bo\F,=(D2,Ds,Fo)};
WO = {C\E,=(Ao,E1,Fo), C'\E2=(A1,F1,Eo), F°\Co=(B1,F9,Bo)};
X0 —{AN\E4=(Co,E4,Dq), A*\Es=(C4,D4,Eo), D2\ Az=(B4,D2,B0)};
Y?—{C'"\F1=(Eo,A1,E2), D*\Bs=(Bo,A2,D3), D°\Bs=(A0,B2,Do)};
Z0—{F8\Bg=(Fy,Bs,Co), FI\Byg=(Fs,Cs,Bo), A*\Ds=(Fs,C4,Eo)}.

Because of the properties of G, it can be seen that Y (G) is a K4-UH graph.
Moreover, the vertices and copies of K4 in Y(G) are the points and lines of
a self-dual (1024)-configuration which in turn has Y (G) as its Menger graph.
(Compare with [6, 7]). However, in view of Beineke’s characterization of line
graphs [1], and observing that Y (G) contains induced copies of K 3, which are
forbidden for line graphs of simple graphs, we conclude that Y(G) is non-line-
graphical, as commented above for the graph treated in [7], the Menger graph
of a self-dual (424)-configuration.

Theorem 8 Y (BS) is an edge-disjoint union of 102 copies of K4 with four such
copies incident to each vertex. Moreover, Y (BS) is a non-line-graphical K4-UH
graph. Its vertices and copies of K4 are the points and lines, respectively, of a
self-dual (1024)-configuration, which in turn has Y (BS) as its Menger graph.
This is an arc-transitive graph with reqular degree 12, diameter 3, distance dis-
tribution (1,12,78,11) and automorphism-group order 2448. Its associated Levi
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graph is a 2-arc-transitive graph with reqular degree 4, diameter 6, distance dis-
tribution (1,4,12,36,78,62,11) and automorphism-group order 4896. 0

Bo D2 By F4* Fq BS Dy Df Bo

NTATA AT
AN

Fy B* Dg Ad Eo A* C4 Fe¢ Fy

Figure 4: Copy A° of L(Q3) in Y (BS)

Any of the 102 copies of K4 in Y arises from the cubes of four of the 102
9-cycles of GG. The subgraph of G spanned by these four 9-cycles contains four
degree-three vertices, (exactly those described in the data given above), and
twelve degree-two vertices, (exactly the two middle vertices in each path of
length 3 realizing an edge of such a copy of K,). These twelve vertices form a
copy L of L(Q3) in Y(G). For the copy A° of K, in Y (G), the copy A° of L(Q3)
in Y(G) accompanying such £ can be represented as in Figure 4, where: (a)
the leftmost and rightmost dotted lines are identified by parallel translation;
(b) each of the eight copies of K5 forms part of a corresponding copy of K4
(among the 102 in Y') cited externally by name about its horizontal edge, with
the fourth vertex cited internally. By presenting the elements of the shown
representation orderly, we may indicate the copies 30 of L(Qs) as follows, for
y=AB,C D E F:

‘A%: (BoB4F4Dy) (F4D4ECs) D2CyDaBa (D?A2F*As B FsDf Af) (BYF, AYEg AYEg FCB,.)
BY: (Do Fs E7Dy) (D7DaEoF,) FyEoEyFy (B8DsC8 Az AbCy,B2Fy) (Bf Fs AYC4C9A,BODy)
C0: (A1ByFsFy) (FyF9B1Ay) D1BoDyEg (D'B3FICsB'D,C'Es) (B°D7F°CyoD9B.CIEy)
DO: (A1E2D; Ay) (EpAgAzDa) EqCy BoCa (CYF1 Af By DI B4E'C,) (C9F,E2C3D? B4 A2 Eg)
EO: (A1C5BaAf) (AgAyB1C9) CoBeBoCe (E*AsFeFs DI Dy E'Cy) (EIC.DID,FPFyECA,)
F:(A()ClBgFo) (EgE()Ale) CdFlc()El (EOAngBaFgBSCOEQ) (AdDd01E2E4A4A5D5)

and obtain the remaining y? by uniform translations mod 17, for any i € Z7.

Each vertex of Y (G) belongs exactly to twelve such Ls. Figure 5 shows the
complements of Ag in four of the twelve copies of L(Q3) containing it (sharing
the long vertical edges), where the black vertices form the 4-cycles containing
Ap, and some edges and vertices appear repeated twice, once per copy of L(Q3);
for example, the leftmost and rightmost edges must be identified by parallel
translation; alternate internal anti-diagonal 2-paths in the figure also coincide
with their directions reversed; (notice that the middle vertices of these 2-paths
are the neighbors of Ag in G, and that their degree-1 vertices are at distance
2 from Ag, again in G). The oriented 9-cycles of the (nCy; P;)-OAC of G
cited in the proof of Theorem 2 intervene, as indicated on the figure, in the
formation of the oriented 3-cycles and copies of L(Q3) induced by the long
vertical edges (CyCh, A3Cy, DoBa, E1Fy resp. for EY) E3, D° CY) and the 6-
cycles they separate ((CdB5A304A401), (A3E4DoBQD4C4), (DQFgElFoFaBQ),
(ElEQCdclBgFo) resp. for ﬁ, ﬁ, ﬁ, ﬁ)
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E,
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Bo I Aq 0

) AN LIS TS
YAVANVAVAN AV ANVAVAN

Cl A5 C D4 Bg Fa F 1

Figure 5: Complements of Ay in four of the twelve copies of L(Q3)

The information in the figure can be set as in the following arrangement,
followed by two additional arrangements that complete all the information pro-
vided by the copies of K4 and L(Q3) that contain Ap:

E° E* E3 D2 D° ct c° FO
Cd Bs Ag E4 D[) F2 El E9
B B E C F, A Cs E
4 BO 1 2 Al [0} 9 B() 2 Al 0
A C E A B D C F
C 24 e ° Dy * B ' R, R ° By !
EY D9 c? DT B3 B2 D° El
Gop B, T e 2 B As c @ g B &y
1 A f 3 A, 1 2 A g e A, 2
B C A D A B B C
A, Y b, ° B % B 7Y ¢, T o, P By 7' o0,
E° DF DO C9 c° F9 E?3 E9
Ae B, ¢ c Doop T5 4, P e} B g 9 B, % B
f A, 0 8 Bo f c A, 0 d Bo g
E, A B D C F, A C
c. ° p, 7 B TV Ry R : N Y

(Some edges are shared by two different of these three arrangements. In fact,
each of the edges bordering the 2-paths mentioned above in anti-diagonal 4-
paths is present also in the second or third arrangement. For example, the edge
Bj Az of E* on the figure appears in the second arrangement).

In the same way, the vertices By, Cy, Do, Ep and Fjy admit similar arrange-
ments (see the Appendix) and additions mod 17 yield the remaining information
for neighboring copies of K4 and L(Q3) at each vertex of Y(G).

Theorem 9 The graph Y (BS) is an SF (L(Q3); K3)-UH graph. Moreover,
each two copies of L(Q3) sharing a copy H of K3 in Y(BS) also share H with
exactly one copy of K4 in Y (BS). Furthermore, each 4-cycle of Y (BS) exists
in just one copy of L(Q3) in G. Thus, Y(BS) is Ks-fastened {K4, L(Q3)}-UH.

Proof.  Given a copy H of L(Q3) in Y(BS) and a copy A of K5 in H, there
exists a unique copy # H of L(Q3) that shares with H the subgraph A. In
addition, any edge of H is shared by exactly three other copies H' # H, H" # H
and H" # H of L(Q3). Because of the symmetry reigning between the copies
of K4 and of L(Q3) in Y(BS), the statement follows. 0

14



3.4 Appendix: local behavior of Y (BS)

Here is the data that must replace the symbols in Figure 5 in order to yield
the complements of yo in the copies of K4 and L(Qs3) incident to yo, for y =
A, B,C,D, E, F, where the rows are cited in parentheses that are preceded by
yo and the fourth rows cite each appearing vertex just once:

(EYETE*D2DCTC?FO) (E°D9C°D'E*E2D°EY) (E°DFfDCoC°F9IE>E9)
(CaBsA3E4DoF2E1Ey)  (C1E.E,D3A3C7B;Cs)  (AcE4DoFyE,EgCyB.)
(B4B1E2CoFoA3C5Ey)  (D1A;C3B1C2ByBoAs)  (EfCoFsAfCeFEoByBy)
(A209EOA431D200F1) (BgCCA2D9AfBgBICf) (EoAngDfCOFgAng)
(C1A5C4C7BsFuFyBg)  (AcD.E1E3CyCyB2Cs)  (CqDaBjFrFyBsgCyA.)
(FOF8F9ATD?>A0DIAd)  (FUEOD/EIFIE3D?*EY) (FOCTD?>DOD/CaFICO)
(FgAgCngD2F4BdDb) (CgceAfACCgC;gA2A5) (BlFaD2CQAfFngD9)
(EsCqE4FoDyC4BoDg)  (AgA1CqCaALA,C1Cy)  (BaFoEjA1EyDoF1Ay)
Bo(EoCo) Bo(CoAop) Bo(AoEop)
(C4E9DoBsCyDsFoEy)  (AgC5C4A.A1C.Cads)  (DoE1AyE2FyBy A Fy)
(CoAgFsDgB4sF4Ds Do)  (B1B.ByB.ByB3BiBs) (FoF2AsCyDyF;B,Dy)
(AATF8FIEIE3E'D?) (A'FAIE*ESFPE3EYEY) (A°DFEYEOE*FOFSAd)
(DoDGBgFgAgC3A4BQ) (E4F5C5AGBgC3AdEC) (EdEngBeC5FfF()D9)
(FsBsCyEoA2CsD4Ag)  (AsByA9BaB.CoFyCs)  (AcEoB1BaEoAyD;Cy)
Co(BoCy) Co(CsCyq) Co(CqBo)
(CngAoEsB4BgEOA3) (CgF4CSBg,BdASB4AC) (AoDdCQAfE[)Cl Bng)
(E4D8F0E90CB;§A1E2) (EdE5A4A7BngcCFC) (D()BfAdCcAlF7B9Db)
(D°D2A°CTB®B*B2CT) (DYAfB?BT1A°B6B%A42) (D°C9B*BOB?F9A°DY)
(AOA3E4F2F8DaF2E1) (BQCbDbF3E4F5FfBG) (BfBgFgE7DbBQCOAd)
(C4E2DsBoFy D4 AyFy)  (FoEfF4E2E¢D4CyDy)  (FyBoEoEfBgFoAyDy)
Do(EoD2) Do(D2Dy) Do(DyEo)
(DyA FoByEsEsBoF,)  (DaC2DyEy,EfF4EsFs)  (FoA;DgFyBoDoEsCy)
(BaA4CoFoaDsEqFoB1)  (ByByF2F.E4F.DsCs)  (AoEyF;D7FoCoEqA.)
(CY'FICIDTAYAVAYC?)  (C'BeA*BECYAIB2CT) (C'FOAYCIAYFICICO)
(AngEfAeCdFdD4A4) (EzEaEsEQEfE7E9Eb) (FlclchgEgccAng)
(AfDyEqAoBsDyB3Co) (DgFoF;DyDyFsFaDs)  (BoAgCsFoE,CoByFy)
Eo(BoDo) Eo (Do Fo) Eo(FoBo)
(DyA3CoBfD3ByAoEs) (FsFoD;DsFoFyDyDg)  (CoEyFsCoAgBsFoBy)
(EQCngAdDdF4C4A3) (FlDaD4F5FgD7Dde) (A105E9A804CQF9D1)
(COFOF®AdBYB2B*CO) (C°BIB*COFSC8B°B%) (C°C9BF9IB*CIFSF9)
(AoC1ByB4DsEyFuB2)  (E1D.DgB,ByoA7F;Ds) (EgA;DsFsDsE4CoC.)
(CaF1DyBoE3sEgB1Dy)  (EaFyAsFiD7EsDyEg)  (FyByDiFyCsDoAgyEs)
Fo(EoFy) Fy(FoFg) Fo(FsEg)
(E9A1DoCoFyDyBoFs)  (EsD1E9D.FyAgF1E;)  (DoByEsEfBoDgFyCl)
(E1D.DsBoaByA7F;Ds) (EygD.Fy,A,BsB7DoD3) (AoBjFrEsD3BsBsCy)
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