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Abstract

The existence of a connected 12-regulafrK 4; K 2.2.20-ultrahomogeneous graphG is
established, (i.e. each isomorphism between two copies &f4 or K2.2.2 in G extends to
an automorphism of G), with the 42 ordered lines of the Fano plane as vertices andra
adjacency resembling that of star Cayley graphs. The graphG can be expressed in a
unique way both as the edge-disjoint union of 42 induced copis ofK 4 and as the edge-
disjoint union of 21 induced copies oK .22, with no more copies ofK 4 or K 2.2.2 existing
in G. Moreover, each edge o6 is shared by exactly one copy oK 4 and one ofK 2.2.2.
While the line graphs of d-cubes, (3 d 2 Z), are fKq; K2.2g-ultrahomogeneous,G
is not even line-graphical. In addition, self-dual con gurations associated toG with
2-arc-transitive, arc-transitive and semisymmetric Levi graphs are considered, as well
as relevant toroidal subgraphs ofG, comprising 21 quadruple-star-of-David graphs and
7 star Cayley graphs.

1 Introduction

Let H be a connected regular graph and leh;n 2 ZZ, with1 <m <n . An fHg['-graphis a
connected graph that:(a) is uniquely representable as an edge-disjoint union nfcopies of
H; (b) has exactlym copies ofH incident to each vertex, with no two such copies sharing
more than one vertex; andc) has only the mentionedn copies ofH as subgraphs, and they
are induced subgraphs.

An fHg-graph G is f H g-ultrahomogeneous(as in [9]), if every isomorphism between
two copies ofH in G extends to an automorphism ofs. Graph ultrahomogeneity is a concept
that can be traced back to [12, 8, 11].

A connected graphG is m-regular if and only if it is a f KogiE y;-graph. In this case,G
is arc-transitive if and only if G is f K ,g-ultrahomogeneous. Thusf H g-ultrahomogeneity is
a notion of graph symmetry stronger than arc-transitivity.

If G is an fH;gy -graph, wherei = 1;2, and H; 6 H;, then G is said to be an
fH.gn fHog02-graph If, in addition, G is fH;g-ultrahomogeneous, for both = 1;2, then
G is fHq; Hog-ultrahomogeneousagain as in [9]. If each edge d& is in exactly one copy



of H;, for both i = 1;2, then G is said to befastened If min(m;;m;) = m; = 2 and

H, is a complete graph, thenG is said to beline-graphical For example, the line graph
of the d-cube, where 3 d 2 Z, is a line-graphical fastened K 4; K ,.,g-ultrahomogeneous
deggdez;zgg(dl 120 .-graph. The rst case here, known as theuboctahedron ([6]), is a
fastenedf K 3; K 5.; Ceg-ultrahomogeneoud K 3g3f K ,.,02f Ceg3-graph, whereCg is 6-cycle.

In Sections 3-5, a 12-regular fastenefK 4; K ».,.»,g-ultrahomogeneousf K 4g7,f K 2.2.203; -
graph G of order 42 and diameter 3 is presented. The role that-cliquesK4 and squares
K., play in the line graph of thed-cube is performed inG by tetrahedra K, and octahedra
K.2.0, but in this case with min(my; my) =min(4 ;3) > 2, soG is non-line-graphical.

The graph G has automorphism-group ordejA (G)j = 1008 = 4jE(G)j: In Section 5, the
252 edges ofs can be seen as the left cosets of a subgroup A (G) of order 4, and its
vertices as the left cosets of a subgroup 8f(G) of order 24.

Apart from tetrahedra and octahedra, twotoroidal graphs, (i.e. embeddable in the torus),
appear as subgraphs dB, in: (A) twenty-one 4-regularquadruple-star-of-David graphsof
four 6-holes(i.e. 6-cycles induced irG) and eight triangles each, (Section 6), an(B) seven
3-regularstar Cayley graphs([1, 5]), of twelve 6-holes each, (Section 7).

These four equivalence classes of subgraphsGfi.e. tetrahedra, octahedra and the
two mentioned types of toroidal graphs, allow in Section 9 tde ne several combinatorial
con gurations related to G, three of which areself-dual with their Levi graphs ([3]), as: (1) a
4-regular2-arc-transitive graph, ([2]), on 84 vertices and 1008 automorphisms, withaineter
= girth = 6, re ecting a natural duality property of G; (2) an 8-regular arc-transitive graph
on 42 vertices and 2016 automorphisms, with diameter = 3 andrth = 4; and (3) a 6-
regular semisymmetricgraph, ([7]), on 336 vertices and 1008 automorphisms, withaineter
= girth = 6 and just two slightly di ering distance distribut ions. The Menger graphand
dual Menger graphassociated to this Levi graph have common degree 24 and didene=
girth = 3, with 1008 and 2016 automorphisms, respectively.

After some considerations on the Fano plane, we pass to de @eand study its properties.

2 Fano plane and Pasch con gurations

The Fano planeF, consisting of the self-dual (7)-con guration, ([3]), is formed by the
nonzero binary 3-tuples 001, 010, 011, 100, 101, 110, 11xhveimpli ed notation given by
their respective decimal readings,;2; 3;4;5;6; 7. The lines of the Fano plane, oFano lines
constitute a Steiner triple system.

The deletion of each Fano liné from F yields an a ne plane F ', of which " is its line
at in nity. It will be useful in Section 6 below that each octahedral trianglet in the claimed
graph G be labeled by such arF , with the edges oft having the points of ™ as labels. As
an example, a trianglet with its edges labeled by the points of the Fano line = 246 may be
considered with the following disposition of the points of as labels insidd (represented as



an equilateral triangle, and up to rotations by angles of 120and 240):

where 1, 3 and 7 label internally the vertices df and 5 labels the center of. This corresponds
with the traditional representation of F, with 123, 347 and 761 as "external’ lines presented
in a clockwise fashion, and respective "perpendicular' &a 257, 451 and 653, so the ‘circular'
line = = 246, which provides the edge labels, is considered as theeliat in nity of the
ane plane F = f1;3;5;7g labelingt. The same trianglet may be viewed in the following
equivalent dispositions, with alternative triangle centes 1, 3 and 7:

5 2 7 7 2 5 3 2 1
1 3 7
6 4 6 4 6 4
3 1 5

A Pasch con guration P C(ab; cd; ef), also known as a (6; 43)-con guration, ([3]), or as a
fragment, ([10]), is a collection of triplesf ace; adf; bcf; bdg; where a;b;c;d;e;f2 F are
distinct elements. Continuing our example above, given a &ex v of t, four Fano lines can
be formed from the elements of the a ne planedc and the labels of the two edges incident
to v. These Fano lines, missing fronk only the label of the edge opposite te, conform a
fragment. The three fragments that can be formed this way are

PC(15;26,37);, PC(17;24 35), PC(57;13 46);

which may be considered as respective labels for the uppeft| upper right and lower vertices
of any of the four representations of above, in concordance with the notation we will use
for the vertices ofG.

The notation of a fragment can be modi ed without alterationby means of any permu-
tation of its three ordered pairs and/or by any joint transpasition of the symbols of any two
ordered pairs.

3 Ordered Fano pencils and the graph G

Given a point p of F, the collection of lines throughp is a pencil of F. A linearly ordered
presentation of these lines is anrdered pencil throughp. An ordered pencilv through p is
denotedv = (p; Gl a; Grp; Grc), orderly composed, in reality, by the linepaura; paro; PGre.
Note that there are 3! = 6 ordered pencils through any poinp of F.

Ordered pencils constitute the vertex set of our claimed gpa G, with any two vertices
V = (P;Ghla; Qo re) and V0 = (p%frd; &l ofrd) adjacent whenever the following two
conditions hold: (1) p 6 p°% (2) jpiri\ p*J = 1, for i = a;b;c The three points of
intersection resulting from item 2 form a Fano line, which weonsider as arordered Fano
line by taking into account the subindex ordera < b < ¢, and as such, set it as thdong
labelof the edgevv®. We remark that the adjacency relation ofG resembles that of the star

3



Cayley graphs, ([1, 5]), in that there exists an edgev® of G wheneverv®is obtained fromv
by means of an exchange of information between the initial #p and the j-entry of v, for
somej 2 f a;b; @, but with stabilizing changes in the other two entries.

The map that sends the points 1; 2; 3; 4; 5; 6; 7 respectively onto the lines 123, 145, 167,
246, 257, 347, 356 has the duality properties that each poiptof F pertains to the lines
( g), with g varying in ( p), and that each Fano line" contains the points ( k), where k
runs over the lines passing through (). An alternate de nition of G can be given via 1,
in which the vertices of G can be seen as the ordered Fano linggxyx., with any two such
vertices adjacent if their associated Fano lines share thatey in F of exactly one of its three
positions, eithera or b or c. We keep throughout, however, the ordered-pencil presetitan
of G, but the rst self-dual con guration of Subsection 8.1 and @companying example show
that the suggested dual presentation o6 is valid as well.

Notice that the vertices of G with initial entry p =1 appear in lexicographic order as:

(1;23,45,67); (1;23,67,45); (1, 45,23, 67); (1; 45,67, 23); (1,67, 23,45); (1, 67, 45, 23);

which may be simpli ed in notation by using super-indices through f to denote the shown
order, that is: 13;1°; 1% 19; 1%, 1" ; respectively. A similar lexicographic presentation may be

As an example of the adjacency d&, the neighbors of = (1,23, 45,67) in G are:

(2;13,46,57);, (2;13,57,46);, (3;1247,56), (3;1256,47),
(4;26,15,37);, (4;37,15,26); (5;27,14;,36);, (5;36;14;27),
(6;24;,35,17);, (6;35,24;,17); (7,25,34;,16); (7;34; 25;16);

or in the continuation of the simpli ed notation above: 2; 2% 3?; 3% 4°; 4%; 5¢, 5%, 64; 6" ; 79; 7.
The long labels of the resulting edges are: 167, 154, 176, 1886, 246, 347, 451, 321, 231,
321, respectively.

Given verticesv = (p; tla; o Gre) and w = (p°% 2r2; ofrd & d) adjacent in G, there
exists a well-de nedj 2 f a;b;@ such that (1) p2 ¢r’; (2) p°2 qrj; (3) the linespqr;
and pr? intersect at either g or rj, which coincides with eitherd® or rP. Say that these
linespgr; and pgr? intersect atq. Then g (including the subindex| ) is taken as theshort
label for the edgevw. This provides G with a labeling with symbols ¢, whereq 2 F and
j 2fa;b;@. For example, the short labels} corresponding to the twelve edges incident to
12, as cited above, are: 3 3a; 2a; 2a; 5o; Sb; 4b; Do, 7c; Tc; 6c; 6, respectively.

3.1 Copies of Kzzoin G

Each vertex of G belongs to three induced copies &f,.,., in G. For example, the sets of short
labelsq of the edges of such copies for the verteR are: f 15; 25; 3.9; f 1; 4o; S5p0; f 1c; 6c; 7:0:
Each g labels the edges of a speci c 4-hole (i.e. 4-cycle induced@) in its corresponding
copy ofK ... The three short labels appearing in each copy #f,..., correspond bijectively
with the three 4-holes, the edges of each 4-hole bearing a ecoam short label of its own.

A similar situation holds for any other vertex ofG. There is a copy ofK ..., in G whose
set of short labels of edges i&x;;Y;; z g, for each linexyz of F and indexj 2 f a;b;@. We
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denote this copy ofK ».,., by [xyz];. As a result, there is a total of 21 =7 3 copies oK .2,
in G. In fact, triangles with short labelsg sharing a commorj (but g varying), and 4-oles
(i.e. induced 4-cycles) are only present in the describedpges ofK ,.,.o in G. (These 4-holes
necessarily have short labels sharing a commoyn and opposite vertices which, as ordered
pencils, pass through a common point df, yielding a total of two such points per 4-hole.)
For example, the long labels of the trianglexjz]; composing the copies df ».,., incident
to 1, conform triplets of long labels having:
for [123],, a-entries covering line 123, and another xed entry equal toaeh one of 4,5,6,7:

(145,246 347), (154,257, 356), (167,257.347), (176,275 374),
(154; 264 374), (145,275 365), (176,275 374), (167 246 365);
for [145],, b-entries covering line 145, and another xed entry equal toaeh one of 2,3,6,7:

(213 246 257), (312 347 356); (617642 653) (716,743 752)
(312 642 752) (213 743653) (716,246 356) (617 347 257);

for [167], c-entries in line 167, and another xed entry equal to each onef 2,3,4,5:
(231,246 257), (321,356 347), (451426 437), (541536 527),
(321,426 527), (231,536437), (541246 347), (451 356 257):
In fact, these triangles are respectively:
(2% 3% 1%); (2% 3 17); (2% 3 17); (25 3% 1) (25 3% 17); (2, 3%, 17); (2% 37, 19); (2% 3%, 1°);
(4°,5° 1%); (4% 55 1%); (4% 55 1); (4%, 5% 1'); (4% 5%, 1'); (4% 55 11); (4% 55 1%); (4% 55 1%);
(6% 7%1); (6", 7,1%); (6% 715 1°); (6", 7,1%); (65 71:1%); (6% 7, 1°); (67 79, 1%); (6%, 71 1%):
The sets of long labels for the respective composing 4-hoes:
(145,167,154 176), (246,257 264 275), (347,356 374 365);
(213 617312 716), (246,347,624 743), (257,356 752 653);
(231,451,321, 541), (246,356 426 536), (257,347.527.437).
In fact, these 4-holes are respectively:
(2%,3% 2% 3); (3% 1%, 3% 17); (2%, 1%, 2 17);
(4° 5% 4% 5°); (5% 17,5 1); (4% 1%, 4%, 17);
(7%,6% 7756'); (79, 1% 7;1%); (6%, 1%, 65 1°):

3.2 Copies of K4in G

There is one copy oK 4 in G for each ordered Fano linyz. Such a copy, denoted& xyz >,

is formed by three pairs of equally labeled opposite edgestiwlabels x5, y, and z.. For each
p2F nfx;y;zg, there is exactly one vertex ff; Gura; Grp; Gkrc) of < xXyz >, with X 2 @ura,

Y 2 gy, 2 2 Gfe. The long labels of the edges &f xyz > are preciselyxyz. Since there are
42 such copies oK 4 in G, we arrive at the following result.

Theorem 3.1 The graphG is a 12-regularf K 4g3,f K ».2.,93,-graph of order 42 and diameter
3. Each vertex ofG is incident to exactly three copies oK ».»., and four copies ofK 4.

Proof: The lexicographically smallest path realizing the diameteof G is the 3-path (22,
22, 42, 1%): The statement follows.



Figure 1: Disposition of copies oK ,,., and K4 at vertex 7 in G

4  Disposition of copies of Kazo and K4 in G

Each point p of F determines a Pasch con gurationP C(p), formed by the four lines of
F that do not contain p. This PC(p) may be denoted alsoP C(thra; Grb; Gtrc); Where
PGra; PGrb; PGrc are the lines ofF containing p. None of the lines ofP C(p) contains either
Ghla OF Gbfp OF fc. The seven possible Pasch con gurations here are:

PC(1) = PC(23;45,67) = f 246 257 347 356y;
PC(2) = PC(13;46,57) = f 145 167 347 356y;
PC(3) = PC(1247;56) = f 145 167 246 257y;
PC(4) = PC(15;26,37) = f 123 167 257 357;
PC(5) = PC(14;27;:36) = 123 167 246 34T;
PC(6) = PC(17; 24 35) = f 123 145 257 347Tg;
PC(7) = PC(16; 25 34) = f 123 145 246 356y;

Figure 1 shows the disposition of the induced copies kf.o.» and K4 incident to the vertex
7' in G, represented by three octahedra and four tetrahedra, resgively, with vertices
and edges accompanied by their respective simpli ed notats and short labels. The four
tetrahedra in the gure are also shown as separate entitiefyr better distinction, while the
three octahedra are integrated in the central drawing as anpper-left, an upper-right and
a lower-central octahedron, radiated from the central veeix, 7. This seven polyhedra can
be blown up to 3-dimensional space without more intersectis than those of the vertices
and edges shown in the gure. Starting from the right upper amer in the gure and shown
counterclockwise, the three octahedra have respective qoosing 4-holes, each sub-indexed
with its common edge label, as follows:



[347] : (77;457%4 )s,; (77;3%7%3%),,; (39;4°%3%4),,;

[257): (7";5%7%5 )y, (7';2°% 7% 2%s,; (2%5% 29,5 ),;

[167): (7';6%7%6 ) (7';1%7% 1%, (1%6%1%6')7,:
The triangles in each octahedron here di er from those in theopies ofK4 in G in the way
they are labeled. For example, the copies &, in Figure 1, namely those denote& 321>,
< 426>, < 356>, < 451>, have their corresponding sets of constituent triangles thi the

clockwise sequences of simpli ed notations and short lalsebf respective alternate incident
vertices and edges, as follows:

f(7",25,5 ;16;47;30); (67,345 ;1,4 ;2y); (7716 ;34,5 52); (77344 ;265 60)0;
f(7";66;1%40;5% 20); (3% 20, 1% 4a;5%2);  (77;4a; 3% 20,15 4a); (77 2 5% 6c; 3% 4a);
f(7";34;4% 50,13, 60); (2% 6¢;4% 50 13, 30); (7766 1%, 34;2% 5); (7' 5n; 2% 6¢; 4% 30) 0
(29 1; 3% 55, 6% 4a);  (7':50; 2% 1c; 3% 40); (77 6¢;6% 4a; 29 5p); (7' 4a; 37, By 67 6c) 0

This re ects the fact that the vertex 77 = (7;34; 25, 16) = (P; th; r'a; Bfb; Gl c) iS associated
with the Pasch con guration P C(34; 25;16) = P C(ura; G Grc) given with its triples or-

dered according to the presence of the di erent symbo&7 at the three pair positionsa; b; g

which is shown in the ordered Fano lines 321 g,q,0, 426 = raQyrc, 356 = Qurpre, 451 =

rarpG, Or in their respectively associated tetrahedrax 321>;< 426>;< 356>;< 451>.

These ordered lines form theordered Pasch con gurationP C(7") = 321426 356 451g.

Similarly, an ordered Pasch con guration is associated tche set of copies oK 4 incident to

any other vertex of G. Moreover, the following two results are readily checked.

Theorem 4.1 Any vertexVv = (p; Gra; Gro; &rc) of G can be expressed in such a way that
< QalhG >; < Qalplc > <T aQfc>; <T aryg > are its four incident copies ofK 4, re ecting
their notation and that of its three incident octahedra in a @n guration as in Figure 1.

Proof: The ordered Pasch con gurationP C(v) associated tov determines the ordered lines
LObG; Galofc; FaGlc; ralpt associated to the copies df 4, while the three remaining triples
of F provide the data for the octahedra incident tov: [Pl ala; [PGrolo; [P cle: [

Theorem 4.2 For any edgee of G, there exists exactly one copy &f,.,.. and one ofK4 in
G that intersect ate. Moreover, e is the only edge at which those copies intersect. Thus,
is fastened.

Proof: Let e = w9 wherev = (p; tla; Gfo; &re) and V0= (p% r; ofrd ofr?), have short
label g. Then, the octahedron pp%%; and the tetrahedron< xyz > are the copies of
K., and K4 in the statement, where: (a) ppp®is the Fano line containingp and p° (b)
j 2fa;b;gis such thatpp®= r? and pp’= qr; and (c) xyz, one of the four ordered lines
cited in Theorem 4.1 with respect tov, is the long label ofe.

For example, the edge 75* has short label 2 and long label 426. This is the only edge
shared by the octahedron [25¢]and the tetrahedron< 426> .



5 Symmetric properties of G

Each automorphism 2 A (G), is the composition of a permutation of F with a per-
mutation of fa;b;@g. A set of 16 generators; of A(G), (i = 1:::16), is given by
= i = i, where we denote ;= ', ;= i, and

1=(23)(67); 2=(45)(67); 3=(13)(57); 4=(46)(57);
5 =(12)(56); 6=(47)(56); +=(15)@7); &=(26)(37);
o = (14)(27); 10=(27)(36); 11 =(17)(35); 12 =(24)(35);
13=(16)(34); 14=(25)(34); 15=(aog); 16 = (bO;

with ; and ; taken as the identity maps ofF and fa;b; @, respectively, for1 i 14
andj = 15;16.

The subgroup A (G) that sends the lexicographically smallest arc ¢12?) onto it-
self, either directly or inversely oriented, includes exemging, or not, its incident triangles
(2%;3%:1%) and (2%; 3% 1?) in [123L,, or (1%;2%;6") and (1®;2%;5°%) in < 347>. Thus, con-
tains four elements and has generating séts 16; sg. Moreover, is a subgroup ofA ([1].),
which has generating set 1; 5; s; 6 160. Furthermore,f 1; 2; s5; 6; 15, 160 IS @ generat-
ing set forA([ - ,[123]). The remaining automorphisms ; map A([ {-,[123]) onto its non-
trivial cosets in A(G) by left multiplication. The subgroup of A (G) that xes 12 has order 24
and generatingsef 1; 2 4 1 6 16 8 15 10 15 12 15 16 14 15 160

Theorem 5.1 G is a fastenedf K 4; K ».2.g-ultrahomogeneous K ,g3,f K 2..203;-graph which
is non-line-graphical, with
jA (G)j = 1008 = 4jE (G)j:

The edges ofG can be seen as the left cosets of a subgroup A (G) of order 4, and its
vertices as the left cosets of a subgroup A{G) of order 24.

Proof: jA(Kz22,)j =48 andjE(K,22)j =12, agreeing with the fact thatj j = % =4,
SinceG is the edge-disjoint union of 21 copies & ,.,.,, it contains a total of 2]]E(K§;2;2)j =
21 12 = 252 edges. Now, Magma yield®\ (G)] = 21jA (K222)] =21 48 = 1008, (with
direct calculation left as an alternate exercise). This is imes the number 252 of edges of
G, which is consistent with the fact that G is arc-transitive. Its edges correspond to the left
cosets of in A(G) and its vertices to the left cosets of the stabilizer of#1= (1;23;45;,67) in
A(G), whose order is 24. It is easy to see th& is non-line-graphical fastened K 4; K 2.2.20-

ultrahomogeneous.

6 Toroidal subgraphs of G with 3- and 6-holes

In this section and in the following one, two dierent toroidal graphs are considered as
noninduced subgraphs o6 containing 6-holes, as well as the subgraphs Gfthey induce.
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Figure 2: Toroidal subgraphsT = [1]. and [6]. centered at vertex 7

6.1 Toroidal quadruple-star-of-David subgraphs

The graph T obtained from either side of Figure 2, (representing a subaph of the (3,6,3,6)-
tessellation, [6]), by identifying boundary vertices havig common label and the boundary
edges they induce, is a toroidal graph. Each vertex & belongs to six subgraphs isomorphic
to T. For example, vertex 7 = (7;34; 25; 16) belongs to copies of that we denote [3],
[4)a, [2], [5h. [1k, [6k, the last two of which are represented on the left and the riglsides
of Figure 2, respectively. In general, a vertexpl aura; Qrp; &rc) of G pertains to copies of
T denoted [la; [rala; [Glb; [Folb; [Gle; [Fe]e- Thus, for each pointqof F andj 2 f a;b; @, we
have a copy ¢, of T.

The labelsq inside each trianglet in a representation of a copy off in G as in Figure
2 are disposed with their component pointg] of F as suggested in Section 2 above. The
disposition of theseq insidet determines their disposition inside any neighboring triagle in
T, (see also [4]). Speci cally, the following rules must be spected:

1. the subindices of short labels of edges of=[q]; spanfa;b;@nfjg;

2. the center label ot in [q]; is g, and the subindices of short labels of edgestofoincide;

3. each label of an edge of t in [qf;, the inner label oft at the vertex opposite toe in t
and the center label oft are points of F that complete the long label ofe, while their

subindices completd a; b; @;

the long labels of the four edges adjacent to a vertax in T form P C(w); the inner
labels ofw in the two triangles incident to w in T coincide, but their subindices di er;

the label of an edges of t in [g]; and the inner labels oft at the vertices incident toe
have points ofF forming a Fano line and contribute subindices formin§a; b; @ nfjg;



6. if r¢ is the inner label of a vertexv in t, then the short labels of the two edge& E (t)
in the 6-holes adjacent tov in [g], not incident to v but adjacent to t, haver as point
in F; these labels have common subindex completih@; b; @ with k and j .

We conclude the following.

Theorem 6.1 For each pointq of F and each entryj 2 f a; b; @, the graph[q]; has regular
degree 4, order 12 and size or edge number 24. Moreover, thedfeface cycles ofiq]; is
decomposable into four subsets, each spanning the vertéxo$¢q];. The union of the cycles
of each such subset spans a subgraphajf having exactly three components, of which two
are triangles and the remaining one is a 6-hole @&.

Proof: There is one subset of faces af|{ as in the statement for eachxyz in P C(q), formed
by one triangle in Kyz];o, one triangle in kyz]j« and a 6-hole whose edge-label sequence is
(Xj0; Yjoi Zjo; Xj o5 Yjo; o), Wherefj;j %Y= fa;b;@.

The 6-hole in the proof of Theorem 6.1 is denotexlyzjq. Observe that the 6-holes in
Figure 2 are already denoted this way.

Corollary 6.2 Each [g]; has 12 face cycles, namely: eight triangles from eight diemt
copies ofK,.,., in G, and four 6-holes separating those triangles. Moreover, bgplacing
each edgee of any 6-holeC in [q]; by the other two edges in the triangle containirgin [d];,
a Hamilton 12-cycleh([q];; C) of [q]; is obtained.

Proof: The correspondence from the set of triangles off| onto the collection of copies
of K222 in G given by inclusion is a one-to-one graph map. Therefore, theangles in [g];
belong to di erent octahedra inG.

Corollary 6.3 The 6-holes in the toroidal graphgq]; are pairwise di erent, making up for
a total of 4 21 =84 6-holes inG. 5

6.2 Subgraphs induced in G by the toroidal graphs  [d];

Corollary 6.4 [q]; contains exactly six 4-cycles o6 which are not 4-holes and are non-
contractible in the torus formed by its eight triangles and@r 6-holes. Moreover, the graph
[qf spanned by[q]; contains the two chords of each one of its six noncontractb#-cycles, a
total of 12 new edges. Furthermore, each noncontractiblecty of [ together with its two

chords conforms a copy oK 4 of the form < xyz >, wherexyz is an ordered Fano line. In

fact, [qf; is the union of the six resulting copies d4.

For example, the triangles in the representation of [1pn the left side of Figure 2 belong
respectively, rst from left to right and then from top to bottom, to the octahedra [347],
[356}, [347], [356], [246}, [257}, [246], [257]. If g=1 and j = c, then the six copies
of K4 resulting from Corollary 6.4 are:< 231>, < 451>, < 671>, < 321>, < 541>,
< 761>. Their union coincides with [1}. The noncontractible 4-cycles arising here from the
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(4:37:26,15)=4 f 7a C(3:47:56:12)=3
3
a 4a
(7:34;25;16)=7 f ¢ L (6:24:35:17)=6 ¢

(2;46,57;13)=2d C(5;27;36;14)=5d

Th Ta

2 0(2;57;46;13)=2f
<451> gd <7%1>

(5;36;27;14)=5f

Sa

< 321>
(7,25;34;16)=7 d

(6;35;24;17)=6f

3b

(3;56;47;12)=3 4,26;37,15)=44

<671> 3 < 541>

Figure 3: Induced subgraphl =[1]°¢ of [1} in G

corollary, only partly represented on the left of Figure 2, @e: (4%;5%; 6%; 79), (29;39;69; 77),
(29;37;57;6"), (4";5;6";7), (2,3 ;6" ; 79, (27; 3% 4" ; 5°).

The representation of a copy oflf as in Figure 2, with edges represented as straight
segments, could not show clearly all the edges of the graphinduced by T in G, for the
edges inE(T) nE(T) cannot be traced distinctly as straight segments in it.

In Figure 3, showing a representation of the induced graph = [1]¢ of T = [1]. depicted
on the left of Figure 2, the external 12-cycle ib([1].; 24€), in the notation of Corollary 6.2.
Notice that in the gure, the edges inE(T) nE(T) are labeled 1.

Any Hamilton 12-cycle h([q];; C) as in Corollary 6.2, where {]; is a copy ofT in G and
C a 6-hole in it, can be be used to draw a representation aff[ as in Figure 3, in which the
edges ofE (T) nE(T) are labeledgq .

Theorem 6.5 There is a total of 21 copies ofl appearing as subgraphs db, each one
containing exactly one copy oT in it. Moreover, each subgrapfl = [q] is the union of the
six copies ofK,4 of the form < x 1X,x3 > with ¢ = X;. This union: (1) is obtained from
T = [d]; by adjoining to it the edges having short labgl; (2) has a triangle in common
with each one of the eight copies &f,.,., in Corollary 6.2; (3) has four 6-holes, denoted as
indicated following Theorem 6.1, completing a total of 28 léeles inG, since no 6-hole inG
is shared by two di erent copies off or T.

By representing the six tetrahedra in Theorem 6.5 as vertiseof a new graph< 1 >°¢,
making each two of them adjacent inrc 1 >¢ if they intersect at a vertex of [1], (i.e. have
a vertex of [1} in common, which is unique in each case), we may label the edgd< 1>°¢
with the vertices realizing those intersections, as showm ithe representation of< 1 >¢
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depicted to the right of the main representation, of [£] in Figure 3. For each pointp of F
and eachj 2 f a;b; @, there is a graph< p >1 like the one just produced.

Corollary 6.6 Two tetrahedra in an induced subgrapf = [g] of G have in common at
most one vertex, and each vertex af = [¢]' appears as the meeting vertex of two such
tetrahedra in T. This allows to de ne a graph< q >! whose vertices represent the six copies
< X 1XpX3 > of K4 cited in Theorem 6,6, so that each one or its edgess labeled by the only
vertex of G shared by the copies df 4 representing the endvertices of.

7 Toroidal subgraphs of G with only 6-holes

In this section, we restrict to subgraphs ofs with 6-holes.

7.1 Star Cayley subgraphs of G

Another toroidal subgraph is present inG, namely the star Cayley graphST,, ([1, 5]). For
each Fano linexyz of F, there is a copy ofST, that we denote kyz]. It is composed by the
6-holes of the formxyzjq. Figure 4 represents a cutout that yields [246] by identi caon of
corresponding vertices and edges on the parallel sides ohling the gure and by stitching

together the halves of those faces separated by those pagh#ides.

Theorem 7.1 There are seven copiepyz] of ST, in G, one per each Fano linexyz. Each
such|[xyz] is constituted by twelve 6-holes @b.

Proof: In each kyz], there is a 6-holexyz;, foreach 2F nxyz andj 2fa;b;@.
For the next two corollaries, let a copy Xyz] of ST, be xed in G.

Corollary 7.2 Each vertexv = (p;ra; Qfp; rc) of [Xyz] may be considered as having
P= ,G=XTa= ,=VY,Ip,= ,G=2r1.= ,wheref;;; g= Fnxyz Then,
the three 6-holes acting as faces incident toin [xyz] are of the formxyz,, xyz,, xyz.. The
edges opposite to each one of these facegxiyz] have respective short labels,, b, ¢

Corollary 7.3 (1) There is a one-to-one correspondence,y, from the set of 6-holes of
[xyz] onto the collection of copies off in G, given by inclusion. Under ,y,, each 6-hole
xyzjq is mapped onto[q];. (2) Given a copy[q]; of T, there is a one-to-one correspondence

q; from its set of 6-holes onto the collection of copies &T, in G, given by inclusion.
Under 4, each 6-ho|exyzjq is mapped onto the copyxyz] of ST4.

7.2 Subgraphs induced in G by the toroidal subgraphs  [xyz]

Corollary 7.4 The graph|[[xyz]] spanned inG by each toroidal graphxyz] is the edge-
disjoint union of [xyz] with the vertex-disjoint union of six copies oK, in G, namely:
< XYZ >; < XZY >; < YXZ >; < yzX >;< ZXy >; < ZyX > O
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Figure 4. Copy ofST; in G

Figure 4 has four vertices painted black, which span a copy &f, in G but not in [246],
as in the statement of Corollary 7.4.
Proof: For each vertexu of a xed [xyz] and for each 6-ho|e<yzjq of [xyz] incident to u,
consider the vertexv opposite tou in xyzjq. Then v has a unique neighbow in [xyz] nxyzjq.
Moreover, the edgeaiw is in G but not in [xyz]. Since there are three 6-holeg/z?; xyzqu; xyzqug
incident to v in [xyz], then there are three corresponding edgesv; uw® uw®of G not in [xyz].
Then, the four verticesu; w; w® w®span a copy oK, in G which is edge-disjoint with kyz].
Say that the 6-ho|exyzjq is given as a cycley; = u;uUy;uz;Us = W;Us; Ug). Then, each of
the verticesu; belongs to a corresponding copy &4, and the six resulting copies oK 4 are
edge disjoint.

Corollary 7.5 Each pair of edges departing from opposite vertices of a 6|ésmyzjq in [xyz]
and not contained inxyzjq are alternate edges of an octahedral 4-hdlzin G. The other two
alternate edges ofC are not in [xyz]. Moreover, there is a total of 18 octahedral 4-holes in

[xyzll. o

In the case of the representation of [246] in Figure 4, the paiof vertical edges contained
in a common vertical line namely

(5"3';35°%); (1°7'; 1°7%); (5°3"; 3°5"); (1°7°; 1' 77); (375", 3°5%); (197° 1°7%);
as read from left to right, are pairs of alternate edges of 4eles in the respective octahedra
[356],; [167]; [356],; [167],; [356]; [167]:

The twelve pairs of edges contained in a common horizontal dragonal line in the same
representation are the remaining pairs of alternate edge$ actahedral 4-holes, totaling the
18 pairs claimed in the rst assertion of Corollary 7.5. In fat, the 18 associated octahedra
here are of the formXyz];, where 2466 xyz 2 F andj 2f a;b; ®.
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Corollary 7.6 Parallel edges departing from opposite vertices of an octalnal 4-holeC of
[[xyz]] and away fromC are alternate edges of a non-octahedral 4-cycle Gf Moreover,
there is a total of 18 non-octahedral 4-cycles ifixyz]].

8 Con gurations associated with G

The symmetrical disposition of objects inG gives place to several combinatorial point-line
con gurations and to their associated Levi, Menger, and duavienger graphs.

8.1 Self-dual con gurations

We present the points and lines of three self-dual con gurains obtained fromG, and their
incidence relations, where additional mentioned data wastermined with Magma:

1. the 42 vertices and 42 tetrahedra dB, and incidence given by inclusion of a vertex in
a tetrahedron; this is a self-dual (49-con guration with 2-arc-transitive Levi graph
of diameter = girth = 6, automorphism-group order 2016, stabizer order 24, distance
distribution vector (1;4; 12,24, 27;14; 2) and isomorphic arc-transitive Menger graphs
of diameter = girth = 3, degree 12 and automorphism-group orel 1008;

2. the 21 octahedra and 21 copies af in G, and their sharing of a triangle; this is a self-
dual (21g)-con guration with arc-transitive Levi graph of diameter 3, girth 4, automor-
phism-group order 2016, stabilizer order 48, distance digiution vector (1;8;20; 13)
and isomorphic vertex-transitive Menger graph of diamete2, girth 3, degree 20 and
automorphism-group order 1008;

3. the 168 tetrahedral triangles and 168 octahedral triangé inG and their sharing of an
edge; this is a self-dual (16-con guration with semisymmetric Levi graph of diame-
ter = girth = 6, automorphism-group order 1008, common stallizer order 6, distance
distribution vectors (1; 6; 24; 60; 111; 102 32) and (1; 6; 24; 60; 108 102 35), (just di er-
ing at distances 4 and 6 by three vertices) and vertex-trartsle Menger graphs of
common degree 24, diameter = girth = 3 and automorphism-grquorders 1008 and
2016, respectively.

Example. Let L; be the Levi graph of the (42)-con guration in item 1 above. Then
((1;23,45,67); < 246>; (3; 12 47,56), < 145>; (6;17;24; 35), < 725>; (1,67, 23,45))

and (< 123>; (4;15,26;37);< 167>; (2;13,46,57);< 347>; (5; 36, 15;27);< 312>)

are the lexicographically smallest paths realizing the dmaeter ofL ; and departing from each
one of the two vertex parts ofL ;. The second lexicographically smallest paths are

((1;23,45,67), < 246>; (3;12 47,56),< 176>; (4;15,37,26),< 572>; (1, 45,67, 23))

and (< 123>; (4;15,26;37);< 167>; (3;12 56;47),< 264>; (5;27,36;14),< 231>):
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We reach this way the only two vertices realizing the diameteof L, starting from (1, 23,
45, 67), namely (167, 23,45) and (1; 45,67, 23), respectively starting from< 123>, namely
< 312> and < 231>.

Those two pairs of paths re ect the correspondence betweewnth parts of L ; induced by
the map in Section 3.

8.2 Other con gurations

We present some other con gurations associated B, in the same fashion used above:

1. the 42 tetrahedra and 21 octahedra o6, and their sharing of an edge; this is a
(425; 21;,)-con guration with edge-transitive Levi graph of diamete = girth = 4, auto-
morphism-group order 1008 and arc-transitive Menger graphof diameter 2, girth 3,
degrees 18 and 39 and automorphism-group order8 235 and 253195272143, respec-
tively;

2. the 42 tetrahedra and 21 copies df in G, and inclusion of a tetrahedron in a copy of ;
this is a (4%; 215)-con guration with edge-transitive Levi graph of diamete 4, girth 3,
automorphism-group order 1008 and arc-transitive Mengeraphs of diameter 2, girth
3, degrees 12 and 15 and automorphism-group orders 30240 4008, respectively;

3. the 21 copies off and 7 copies ofST, in G, and their sharing of a 6-hole; this is a
(214; 712)-con guration with edge-transitive Levi graph of diamete 3, girth 5, auto-
morphism-group order 2°387 and the complete graphs on 21 and 7 vertices as Menger
graphs;

Example. A notation that distinguishes brie y an edge e of G between vertices §§; t.ra;

Glb; Gre) and (p°% aurd; apr s qerd) with long label g0 and short labelq is given by the 6-
tuple GaOpCLjr jorjoo = ChGuaLjr o %o Wherefj;j G %4 = fa;b; @ and the last two entries, ¢;or;oo
or rjoorjooo), are considered unordered. This comprises the informati@f both the tetrahedron
and the octahedron that containe, namely < q.0,0c > and [q r;orjod; , respectively, and may
be used in the consideration of the con guration and graphsiitem 1 above.

9 Open problems

It remains to see whethelG is a Cayley graph, or a Schreier coset graph.

When considered immersed in 3-dimensional space, the cepiK ».,.,, quadruple-star-
of-David graphs and star Cayley graphs irG have faces that are octahedral triangles and
6-cycles. These faces appear in pairs, each face on two deetr of the octahedra or toroidal
graphs, in such a way that by Iling each of them with its 3-dimensional interior and taking
their union, a closed piecewise linear 3-dimensional mawid could be obtained with possibly
interesting properties. What about the faces of the copied & 4 in G?

On the other hand, the de nition of G may be extended by means of projective planes,
like the Fano plane, but over larger elds than the binary ongestarting with GFs.
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Moreover, the two conditions of the de nition of G in Section 3 may be taken to three
conditions, replacingF by a binary projective spaceP (r 1;2) of dimensionr 1, and the
Fano lines by subspaces of dimensior< r 1, where 2<r 2 Z and 2 (O;r 1)\ Z,
and requiring, as a third condition, that the points of intesection of a modi ed condition
(b) form a projective hyperplane inP(r 1;2), (which was not required forG, since it
was a ready conclusion). The resulting graph, that appears place of G, may not be even
connected, but the study of the component containing the lésographically smallest vertex
could still be interesting. Another step would be taking thestudy over other elds, starting
with the ternary one again.
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